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ABSTRACT 

The  experimental  background  for  the  theoretical  problems  to  be  in- 
vestigated is  first  reviewed,  and  then  a brief  sketch  of  the  claasical  de- 
tection problem  is  included.  A signal-to-noise  ratio  is  defined,  and  the 
principle  results  of  tt.e  study  are  summarized  and  discussed  in  some  de- 
tail, with  the  important  quantities  in  the  derivation  of  the  output  signal - 
to-noise  ratio  after  full-wave  rectification,  for  input  background  noise 
of  gaussian  statistics,  being  obtained  from  the  correlation  function  for 
the  output.  The  cases  treated  are:  1(a)  .1  sinusoidal  signal  in  narrow- 

band  noise,  1(b)  a narrow -band  rtoiee  "signal'1  in  a narrow -band  noise 
background,  2(a)  a sinusoidal  signal  in  broad-band  noise,  2(b)  a nar- 
row-band noise  "signal"  in  a broad-band  noire  background.  The  half- 
wave  and  full-wave  cases  are  compared.  The  important  devices,  the 
ideal  clipper,  linear  detector,  and  equare-law  detector,  are  considered, 
and  compared  for  the  extremes  of  very  large  and  very  small  input  signal- 
to-ncioe  ratios.  Thus,  for  all  varieties  of  input  outlined  above  if  p is  the 
input  power  signal-to-noise  ratio,  then  for  very  small  « . the  output  power 
signal-to-noise  ratio.  P,  is  related  to  p by  pfv , for  all  devices.  For 

sinusoidal  signals  (large  p)  and  linear  and  quadratic  detectors,  P is  pro- 

2 

portions!  to  p,  whereas  for  the  ideal  clipper,  P<v(;n  p)  p The  exact  re- 
lations are  summarized  in  Part  I,  sec.  4 of  this  report. 
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FULL-WAVE  DETECTION  OF  SIGNALS  IN  NOISE 


by 

Noel  Stone  and  David  Middleton 
Cruft  Laboratory;  Harvard  University 
Cambridge,  Massachusetts 


I 

Introduction  and  Results 


1 . The  Experimental  Background 

Before  we  consider  the  theoretical  aspects  of  the  problems  examined 
here,  it  is  necessary  to  review  the  experimental  situation  which  serves  as 
background  for  this  discussion.  Most  of  the  applications  of  our  results  are 
of  interest  when  applied  to  the  problems  involved  in  the  passive  detector 
case;  i.e.  , the  situation  wherein  the  receiver  has  no  control  over  the  sig- 
nal being  detected,  and  only  a certain  limited  amount  of  information  about 
its  characteristics. 


We  distinguish  first  between: 

1 (a)  the  case  where  the  specific  (fundamental)  frequency  of  the 
signal,  f , is  known,  if  the  signal  is  periodic, 

1(b)  the  banasviuth,  B,  and  mean  frequency,  f , are  known,  if  the 
signal  is  random, 

2(a)  the  specific  (fundamental)  frequency  of  the  signal.  £ . is 

known  to  lie  in  a certain  band  of  frequencies,  if  the  eignal  is  periodic,  the 

exact  location  of  f being  unknown, 

2(b)  f is  known  to  lie  in  a certain  band  of  frequencies,  if  the 

signal  is  random,  the  exact  location  of  f being  unknown. 

o 


In  all  these  instances  the  signal  is  masked  by  noiae. 


In  practice,  case  i (a)  occurs  when  the  receive!  is  searching  for  a 
.<urce  which  '«  emitting  a known  signal,  e.g.  , as  in  certain  radar,  radio, 
underwater  sound,  or  radio-astronomy  situations.  In  all  these  cases,  the 


1 
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frequency  is  known  a priori  from  other  consideration  s . However,  in  /.asc 
2 (a)  above,  we  have  a state  of  less  information , where  the  specific  frequen- 
cy of  the  sources  is  not  known.  Spectrally,  we  may  describe  the  situation 
schematically  as  in  Fig..  1. 


Fig.  1.  The  spectrum  of  the  input  to  the  detector 
[Cases  1 (a)  and  2 (a)] 

Here,  w{£)  is  the  power  spectrum  of  the  wave  at  the  receiver’s  input. 
The  experimental  situations  corresponding  to  1 (b)  and  2 (b)  may  involve 
a detector  observing  an  infra-red  source  which  has  an  appreciable  contin- 
uous spectrum  in  some  frequency  region;  a water-borne  sound  signal  of  a 
rahdom  character,  or  astronomical  noise  from  some  region  of  the  night 
sky,  etc.  In  such  instances  we  may  frequently  represent  the  random  "sig- 
nal” as  having  a spectral  shape  of  the  type  shown  in  Fig.  2 below. 


w (f) 


Noise 

(.  . 

\ 


f 


ITicr.  2.  Thp  of  tb1?  inp’it  to  tli z to cier 

[Cases  1 (b)  and  2 (b)j 


As  before,  case  1 (b)  is  distinguished  from  cane  2(b)  hy  the  fact  that 
the  central  frequency  f , and  bandwidth,  B,  are  not  precisely  known  i,n  the 
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latter . 

In  case  1 (a)  U is  clear  that  improvement  in  detection  results,  as  is 

well  known,  when  a suitable  narrow -band  pre -detection  filter  is  located 

about  the  frequency  i , at*  shown  in  Fig.  3. 

u 


Fig.  3.  An  example  of  pre -detection  filtering,  case  1(a). 

In  this  case,  the  narrower  this  filter,  the  greater  the  reduction  in  input 

noise,  A similar  circumstance  arises  in  case  1(b).  The  appropriate 

pre -detection  filter  here  has  a finite  bandwidth,  depending  on  the  signal 

l -4 

structure  and  the  character  of  the  noise.  If  the  noise  is  broad-band, 

then  the  optimum  filter  has  a frequency  response,  for  example,  which  is 
the  conjugate  image  of  the  amplitude  spectrum  of  the  signal.  If  the  noise 
lies  in  a band  narrower  than  the  signal,  the  signal  spectrum  being  3(f)  , 
and  the  intensity  spectrum  of  the  noise  N (f ) , then  the  optimum  pre-de- 
tection filter,  lT(f),  will  be  one  for  which 

H (f)  = \S(f)*/N(f), 


where  X is  an  appropriate  constant. 

Therefore  we  have  to  consider  the  following  models  of  the  input  to 
the  detector 

i (a)  a sinusoidal  signal  in  narrow -band  noise. 

I (bit  a narrow-band  (gaussian)  noise  "signal"  in  narrow-band  noise. 
Z(a)  a sinusoidal  signal  in  broad-band  noise. 


L*  \ U / C~ 


nc;  t*  T >a  a.  II  a(  1 H i »»  V>  »»  1 ~ f*i/l  m r\i  o o 

iia  A A U*r  “uauu  uoiuc  ui  Alt  ■_*  / \>uu  Uuuu  tn/Auv  • 


Each  ol  these  corresponds  to  the  detection  Situation  previously  outlined,  with 
the.  appropriate  pre -detection  filtering.  Apart  from  the  specific  situations 
mentioned  above,  it  is  also  clear  that  the  analysis  can  be  applied  to  any  prob- 
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1cm  for  which  these  models  are  representative. 

2.  The  Detection  Process  . 

Let  us  now  review  some  of  the  principal  features  of  the  detection 
process  itself,  as  illustrated  for  sinusoidal  input  by  the  procedure  shown 
in  Fiji'.  4 below. 


0.-4L-A- 

V./ 


PRE-  ! 

I 

HALF  OR  ! 

LOW -PASS 

, 

D.  C . IN- 

UJC4  J.  & A X'JIS 

FULLrWAVE- 

* 

• 

FILTER  | 

RECTIFIER 

. ! 

FILTER 

DICAT  OR 

Fig.  4.  A typical  detection  scheme  for  a sinusoidal  signal. 

The  half  or  full-wave  rectifiers  are  usually  linear  or  quadratic.  The 
scheme  of  Fig.  4 can  be  represented  spectrally  in  the  manner  of  Fig.  5, 
the  fundamental  frequency  in  the  output  being  twice  that  of  the  input  for  the 
fuii-wave  case.  The  low-frequency,  low-pass  filter  (cf.  Fig.  4)  is 
designed  to  eliminate  the  harmonics,  and  admit  only  the  direct  current  to 


Wp  1 how 
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ow  Pass  Filter 
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\ 

V 

l 1 

\ 
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\ 

I 

\ 
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\ 

_L 

1 
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i \ 

i 

f 

Zj 

L 3f  4J 

: f 
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Low  Pass  Filter 


input  frequency 


o o o o 

input  frequency 


Fig.  5.  Spectrum  of  the  output  following  half-  or  full-wave 
rectification  for  a sinusoidal  input  of  frequency  f . 
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the  indicator.  (The  spectral  lines  liere  are  simply  the  squares  of  the  absol- 
ute values  of  the  Fourier  components  of  the  output.)  These  are  obtained  from 
a knowledge  of: 

(1)  the  nature  of  the  input 

(2)  the  character  of  the  nonlinear  device 

(3)  the  resulting  output  time  function 

(4)  the  decomposition  of  the  output  into  a Fourier  series 
(or  Fourier  integral). 

A similar  operation  is  required  in  the  more  general  circumstance  where 
random  processes  arc  involved.  Here,  instead  rf  a sine  input,  we  might  in- 
troduce, for  example,  narrow-band  noise  centered  on  f into  either  the  hali- 
er full-wave  device.  The  output  spectrum  has  a zonal  distribution  (sec.  3, 
ref.  5)  at  harmonics  of  the  fundamental,  or  twice  its  frequency.  However,  a 
low-pass  filter  removing  the  higher  harmonic  zones  now  includes  a part  of 


(HALF-WAVE) 


(F  U LL  - W AVE ) 


Low-frequency  continuum 
^ input  spectrum 

i Y 


Cl  IT  'H 

o o o 


Fig.  6.  Typical  spectra  of  the  output  following  half-  or 

full-wave  rectification  of  a narrow-band  noise  input 


the  input  noise  spectrum;  namely,  part  of  the  low -frequency  continuum.  Thus, 
the  d-c  indicator  responds  not  only  to  the  direct  current,  but  to  an  accompany- 
ing noise  wave  as  well,  which  acts  to  obscure  the  true  d-c  reading.  The  part 
of  the  Low  -frequency  continuum  which  is  passed  by  the  low-pass  filter  we  shall 
call  licit*,  "fluctuation  r.cisc.  " The  situation  i«  illustrated  in  Fig.  7 Here. 
W(f)  represents  the  low-frequency  continuum.  The  fluctuation  none  power, 
N2,  is  co 

{ ?...  i ) 

o 


N 


|H  (f)  I 


! 2 


W (f 


L df, 
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where 


H (0)  j - 1 


Fig,  7,  A spectrum  ot  fluctuation  noise  accompanying 

a d c reading  after  detection  of  an  input;  noise  wave. 

Since  a physically  realisable  filter  must  have  finite  bandwidth  (or  equiv- 
alently, finite  response  time)  , a portion  of  the  low -frequency  continuum  is 
always  retained  in  the  indication,  ahu  a fluctuation  noise,  of  rms  deviation  N 
is  always  present,  in  the  d-c  reading.  Refer  ring  to  Fig.  7,  if  the  post-detec- 
tion bandwidth  f * is  very  small  compared  to  B *.  we  observe  then  that  the 
P P 

low -frequency  continuum  is  essentially  constant  and  **qval  to  W (0)  over  the 
frequency  rar.gr  where  ) H(f)|  has  an  appreciable  value.  Therefore,  -we  arc 
justified  in  writing,  for  ihis  case, 


oo 


= W(G) 


H (f)  i J df. 


(2.2) 


In  the  equivalent  rectangular  (ideal)  filter,  where 


- l 

- 0 


05%  f <fp 
fp<f 


(2.  J) 


4 Here  , the  freauenev  at  which  W (f)  is  one  half  the  maximum  spectral 
intensity  W (0) 


>..e  v 
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the  noi  se  intensity  is 


N*  - Wi'O)  f 

' a P 


(2.4) 


For  a post-detection  filter  of  a shape  different  from  the  ideal,  we  have 


N = kW(0)  f . 

o p 


(2.5) 


Basic  to  ail  these  expressions  is  the  assumption  that  the  observation  time  is 
infinite,  even  though  the  response  time  of  the  filter  may  be  finite.  [For  a 
more  detailed  discussion  of  the  measuring  process,  taking  into  account  finite 
averaging  time,  cf.  forthcoming  report  by  .T . Storer  and  D.  Middleton]  . 

When  a signal  is  included  with  the  noise,  and  the  signal  ie  a sine  wave, 
then  in  addition  to  the  above  low -frequency  continuum,  v/hich  represents 
(noi  aeX  noise)  noise  components  (ref,  5,  sec.  3)  , the  noise  also  interacts 
with  the  signal  to  produce  (signalXnoise)  noise  terms  which  make  additional 
contributions  to  the  low-frequency  fluctuation. 

3 . T he  Signal -t o-Woise  Ratio  as  a Detection  Criterion. 

Criteria  may  be  set  up,  for  the  performance  of  a detection  system,  oi 
the  sort  shown  in  Fig.  4.  Given  at  the  input  a certain  signal -to-noise  ratio, 
we  wish  to  determine  the  signrl-to-noise  ratio  after  the  nonlinear  operation 
and  filtering.  A useful  (though  limited)  definition  of  what  constitutes  a sig- 
nal in  the  output  may  be  constructed  as  follows:  we  observe  first  that  the 
nonlinear  operation  has  converted  the  input  into  an  output  indication,  appear- 
ing or.  some  essentially  d-c  indicator.  If  the  signal  .is  presented  as  an  on-off 
indication  (and  such  a signal  might  appear  at  a directional  receiving  **l*  merit 
when  steering  onto  the  signal  source)  then  these  is  a certain  increment  in  this 
<1  r reading  due  to  the  presence  of  the  signal,  as  compared  to  the  reading  for 
noise  alone.  (We  assume  here  an  ever-present  noise  background).  This  in- 
crement in  the  amplitude  of  the  deflecting  needle  (or  whatever  indicator  is 
ns.  d we  define  as  our  signal  (regardless  of  the  units  in  which  it  happens  to 
b*  measured'  The  accompanying  fluctuation  noise  constitutes  the  interfer- 
• nr.  a*  f h t output,  its  observing  effect  we  shall  indicate  by  an  ims  amplitud< 

Then  letting  F - output  signal  to-Rcnse  intensity  ratio,  { YF  ampi:.tud< 


I 
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r?Ho},  and  (Wd  c)  s+f>i  ■ \wd  c )N  . and  (*Og+N  be  respectively  the  out- 
put d-c  intensity  with  signal  and  noise;  the  output  d-c  intensity  with  noise 
alone;  and  the  intensity  of  the  fluctuation  noiBe,  we  can  write  for  the  ampli 
tudc  of  the  eigna1  increment, 


d.c. * S+N 


d.  c . N ’ 


so  that  , for  our  (amplitude;)  ratio  at  i'he  output; 


<N>ou,  - VP-  = ynrj 


V 'd.c.  S4N  " d.c  .'N/  /{N  )S+N  . (3.1.) 


1 or  an  ideal  filter,  the  noise  admitted  in  poat-dctcction,  Nj“,  i3  from  (2.4) 


N1  ■ W<°>oVl 


(1.2) 


where  (f  ).  refers  lo  the  bandwidth  of  the  ideal  filter  as  defined  in  equation 
'pi 

(2.3).  For  a physically  realizable  filter  of  bandwidth  (f^)  r as  normally  de 
fined  (cf.  p.  ( footnote)  , we  see  that  the  post- detection  fluctuation  noise 
through  this  filter  is 


Nr  - W(0)o 


H(f)!2  df 


(3.3) 


= k W (0)  if),. 

o p rv 

Final  results  are  expressed  in  terms  of  the  bandwidth  of  the  ideal  filter,  (fp) 
so  that  a relation  is  desired  between  (l  ) ^ and  (1^/r.  Comparing  filters  which 
pass  the  same  amount  of  fluctuation  noise,  we  set 


ana  men 


(f  ). 
P A 


k If  l 
'•p'  R 


(3.4) 
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For  example,  let  us  consider  an  RC  combination  as  shown  in  Fig.  8.  The 
function  j H(f)  | is  given  by 


v_2 


iTTr.  |2_  c ..  ft- 
!H(*m  -\-y  2 


-li- 


(Vr  = & = 


i •’ — /'/VvV t — t x — 

P * nr  ~3T  f 

(3-5)  v c~r  v1 

i ! 

a j l 


uu 

(f  }.  = / ! H (f)  i 2 df  -•  £ = '{fL  . (3.6)  Fig.  H.  Typical  post -de 

P 1 / 4 £ p K lection  averagin 

~,o  


circuit. 


so  that  k - jfor  this  actually  realirablc  type  of  poet -detection  filtering.  In 

all  subsequent  work  1 io  written  wherever  (i  )T  should  appear,  an  ideal  fil~ 

p P - 

ter  being  assumed.  As  for  (2,4),  we  accordingly-  writ'* 


NS,N  - W<CV£n 


(3.7) 


Any  conversion  to  other  filters  rnay  be  accomplished  with  (3.4). 


A J 

1 

. i , 

1 

ci.c.  r« 

w(o)  S 

. 

1.  1 

{rg“i  = W(0)  f 
' '.'•J  M v 'o  p 


— W(f)  = low -frequency 
0 continuum 


(p  h 


Fig.  9.  Quantities  determining  output  (S/N)  ratio. 


For  the  ideal  filter,  from  (2.4)  the  outpv.4  fluctuation  nmc  .s  represented 
by  the  total  area  0/  the  vertical,  shaded  strip.  Thus,  it  is  necessary  to 
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determine-  the  spectral  intensity  after  detection.  Y.t{0)q,  for  all  caaeu, 

1 „ and  (W  , 1 _ , . The  calculations  fellow  the  schema  fl)-(4), 

' d.  c.  S-HM  d.  c . Iv 

p.  5,  for  the  case  of  a purely  sinusoidal  signal  alone,  except  that  in  step  4 
we  now  require’ 

{41  the  power  spectrum  W (f)  of  the  output;  which  iB  most  conven- 
iently determined  here  from  the  auto -cor  relation  function,  R(t)  , of  the 

rectified  wave,  with  the  aid  cf  the  well-known  theorem  of  Weiner  and 
A 7 

Khintch:  ne , ’ 


W(f) 


. w 


R (t)  coewt  dt 


CO  ~ ?TTf 


(3.8) 


oo 


R(t)  = / W (f ) cos  ost  df 


Before  the  analysis  can  be  made,  we  must  specify  the  nonlinear  device 
to  be  used  in  detection.  In  our  treatment  we  assume  a v-th  law  device;  i.e.  , 
it  x is  the  ^instantaneous)  input  and  y the  corresponding  (instantaneous)  out- 
put, then 


y = 0|x  | 


i 2 


{ - OO  < X < CO  ) 


(3.9) 


for  the  full-wave  device,  and  for  the  half-wave  rectifier, 


y " t»  x 
- 0 


x^u 

x<0 


I c*  . iU/ 


A useful  variety  of  devices  may  be  represented  by  these  relations.  (3.9-10), 
as  sketched  in  Fig.  10.  Thus  v = 1,2  represent  the  familiar  -linear"  and 
quadratic  detectors;  very  small  v provides  amodel  of  rectification  with 
saturation  and  large  values  of  v , the  response  of  a crystal  over  a useful 
rang-.  { A limitation  cf  the t character! nation  is  that  an  additional  arbitrary 
parameter,  representing  saturation,  is  not  included,  which  may  make  it  diffi- 
< ult  to  fi*  to  an  actual  dynamic  response  over  the  entire  range.  This,  however, 
presents  no  problem  in  the  derivation  of  the  desired  output  correlation  function, 


> 
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half-wave 


__„_full-wave 


\ I 

\ \ 

\ \ I 

\ \ I 


V>^1 


V ^ • 

V V \\ 


/ - / 
1 <T'V  -£.  / 


y«l 


Fig.  10.  The  general  hall-  and  full-wave  vth-law  device, 

from  which  we  obtain  the  various  spectra  and  powers.) 

4 , Digcusaicn  uf  the  Results  . 

Let  us  now  summarize  the  results  of  the  present  study.  We  have  the 
following  notation: 

(1)  p = input  s/ n power  ratio 

(2)  fp  = pre-detection  noise  bandwidth 

(3)  f p=  post-detection  filter  bandwidth 

(4)  v - power  law  of  the  nonlinear  device 

(5)  P ~ output  S/N  power  ratio 

Then,  when  p <-<  i , [ci.  eqs,  (8.9b)] 


? ‘"P  2 

(-  > ( — ) Pr,  R o-Q,(v)  v 

Tf  Up  l.'t.O.  1 


(4.1) 


for  both  sinusoidal  and  narrow-band  noise  signals  in  a narrow-band  noise 
background,  wherp  iv»8toi.es  a maximum  at  v = 2 , and  is  precisely 
represented  in  Fig.  12.  ft.  is  assumed  that  the  input,  narrow-band  noise 
ban  an  "optical"  (i.e.  single -tv-red)  normalized  spectrum,  w(f)  , given  by* 


I 
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w(f)  = t 


e 

AF 


+ 4<t  -f  )' 

Ci 


(4  2) 


oo 


w (£)  df  = 1 , 


f • 

o 2tt 


For  a 9ins-wave  in  a broad -band  noise  background,  when  p<5Cl,  a sim- 
ilar law  holds  [e£.  eqs.  (10,23)  and  (10.24)] 


*>  OiO 

<7>^:>pb.b.^q»»p‘  • 


(4.3) 


where  0,(v)  has  a behavior  similar  tc  Q.  , as  shown  in  Figs,  13  and  14.  The 

£t  X 


« 


broad-band  noise  is  described  by  a normalized  optical  spectrum''; 

w(f) 


IT 


U-)_ 
r o 

I~~T 


/**  V 

v i 


(4-4) 


<Vo  * ■’ 


or  by  a normalized  Gauss  spectrum: 

2 


.(8) 


w(f)._ 


- 2W 


G 4a6 


2 _ , -In  1 / 2X  /r  \ 2 

’ ° " ' — - f'g 


<"><4. 


(4.5) 


These  are  the  spectra  covered  by  Figs.  IS  and  14  respectively . When  both 
broad -band  spectra  (4.4)  and  (4.5)  represent  the  same  input  noise  power,  the 
following  relation  holds  between  their  bandwidths: 


<VC  = ^ <fF>o  • 


(4.6) 


In  both  of  equations  (4.  1)  and  (4.3)  the  striking  feature  to  note  is  the  modula- 

2 9 

tion  suppression  effect  8 whereby  the  output  ratio  is  proportional  to  the 


♦ where  f_  is  the  frequency  interval  between  half-power  points  relative  to 
mix.  w(£y  »t  I = f0. 

* * ■ 


Both  (f  ) and  (fp)_  represent  the  frequency  interval  between  the  half- 
power  poim  ’i.nd  the  rr.sbfc.  w •■£)  at  f = 0 . 
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square  of  input  ritio  for  threshold  signals. 

We  next  ask  how  the  output  depends  on  the  law  of  the  detector.  Exam- 
ination of  v-dspendent  factors  shows  that,  for  both  detection  schemes  [ 1 (a), 
1(b)]  and  2(a)  the  quadratic  detector  (v  = 2)  yields  a maximum  for  Qj  and 
Q.£.  These  factors  exhibit  the  general  behavior  sketched  in  Fig.  il  (for  com- 
parison) , the  exact  forms  being  given  in  Figs.  12-14. 

P/p2  - QvOz 


0 2 4 6 8 10  v 

2 

Fig.  li.  SmaJi.  signal  variation  of  P/p  for  var- 
ious devices  and  detection  schemes. 


It  is  clear  that  P depends  on  both  v and  p.  The  above  remarks  suggest  a way 
in  wnich  the  results  may  conveniently  be  presented:  we  observe  that  the  be- 
havior of  a particular  v-th  law  device  over  the  entire  range  of  input  (s  /n  ) 
values  is  described  if  P is  given  as  a function  of  p,  with  v as  parameter. 
Alternatively,  if  it  is  known  at  the  detector  that  the  input  signal  has  a certain 
value  of  p,  and  a device  is  desired  which  yields  a suitable  value  of  P (usually 
the  maximum),  then  P is  expressed  as  a function  of  v,  with  p as  parameter.  ) 

Further  insight  into  the  operation  of  these  detection  schemes  for  weak 
signals  may  be  obtained  from  (4  . I)  and  (4.  3),  Let.  us  compare  values  of  P 
for  a sinusoidal  signal  in  broad-band  noise  and  in  narrow-band  noise,  when 
a signal  of  power  level  O"  is  received  through  a broad- band  channel  of  width 
(f^)^  R , and  of  a mean  intensity  per  cycle  p , defined  by 


oo 


M B E). 


F'B.B 


(4.7) 
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l 


I 
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* 
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arid  when  the  same  signal  is  •'eceived  through  a narrow-band  channel  of 
width  (f-,)*.  , and  mean  intensity  per  cycle,  p „ defined  by 

A ix.Xil  1N.I3* 


CO  J 

N.B.  = f W ' 


(4.8) 


with  the  same  post -detection  bandwidth  f in  both  r.ate-;  If  the  mean  in- 

P 

tensity  per  cycle  for  both  noise  backgrounds  is  the  same,  then  the  output 
power  (P  = (S/N)  ) ratios  in  both  instances  are 


tv* 


(£f*n.b. 


(4.9) 


pb  b = [ t-  ( -?-n 

° B M- 


^Pb.b, 


(4. 10; 


where  we  have  set 


**■  " ^ B.B.  = ^N.B. 


(4.11) 


PN.B.  “ 


"B.B. 


'£F^B  .B, 


Therefore,  the  gain  G(db)  of  3 over  E may  be  exp. eased  aa 

a = 10  1og10[^^i  = 10  1og10(^i)+  10iog10[ 

(4.12) 

The  factor  (QT/Q-,)  nriae®  from  the  fact  that  no  low-frequency  fluctuation 

A 

noise  appears  at  the  input  for  narrow -band  noise,  as  is  not  the  case  for  broad- 
band noise.  Thus,  if  a broad-band  detection  scheme  were  in  force,  but.  it  was 
known  that  the  signals  did  not  lie  vn  the  band  / , t-i C 1 c WMulu  bfi  an  iuZiiuoiC 
gain  of  10  log^0(Cl, /Q?)  in  P,  from  the  fact  that  this  small  band  of  noise  at 
the  inpr*  does  not  appear-.  The  quantity  Q j,  /Q i<?  plotted  in  Fig.  16  for  a 
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FIG.  12a  Q,  (v) : P/p2  FOR  WEAK  INPUT  SIGNALS.  INPUT*.  SIN EWAVE 
OR  NARROW-BAND  “OPTICAL"  (SINGLE- TUNED)  NOISY 
"SIGNAL,  IN  NARROW -BAND  "OPTICAL"  NOISE. 
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SINE  WAVE  OH  NARROW -BAND  "OPTICAL'  ( SINGLE*  TUNED) 
NOISY  "SiGNAlT,  IN  NARROW  BAND  'bPTICAL'  NOISE. 
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f-'OR  WEAK  INPUT:  SI  ME  WAVE 


FIG.  16  INTRINSIC  GAIN  IN  PNB  CV.R  PBB 
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Fig.  15.  Representation  of.  weak  signal  detection  schemes  for  a sine- 
wave  in  narrow-band  noise  as  compared  to  broad-band  noise. 


general  class  of  detectors.  The  types  of  narrow-hand  and  broad  band  spectra 
chosen  are  described  in  (4.  2)  ac  narrow-band  "optical,"  to  be  compared  to 
broad-band  "optical,"  (4.4)  and  broad-band  gausaian  spectra  {4.  5).  Figures 
12-14  provide  the  data  used  in  obtaining  Fig.  16 


At  the  strong  signal  levels,  significant  differences  in  performance  for  the 
various  type6  of  input  signal  (e.g.  , sinusoidal  or  noise)  appear  in  the  output 
sigral-to-noiise  ratio.  In  the.  case  of  a s>  .asoiual  signal  in  narrow-band  noise, 
or  in  broad -band  noise,  a simpie  dependence  on  the  input  ratio  p is  observed 


for  v > 1 : [ cf. 


eqa  . (6.  1 2)  and  (10.  26),  { 10.  27)]  . 

PN  B - Q,(  »)p;  case  1(a),  or 


(4. 12) 


. ."p. 

PB.  B. 


Q^(  y)p;  case  2(a). 


(4.  14) 


(The  behavior  ofQ,(v),  Q ( v)  is  sketched  in  Fig.  17  in  much  the  same  manner 
as  wu a done  for  small  p.  ) However,  there  is  a noticeable  difference  between 
what  may  ancl  may  not  be  plotted  at  the  two  extremes  of  input  s/n.  In  the 


threshold  c?.ae  (pci),  the  curves  for  and  Q are.  only  approximate , 
since  there  ia  actually  a slight  dependence  on  p in  the  true  expression  for 
P,  before  approximation.  However,  this  dependence  on  p ie  very  slight 
(vanishing  as  p-*0,V;  and  it  does  not  change  the  general  shape  of  the  curve 
significantly,  being  easily  accommodated  f^v  without  changing  our  previous 
arguments.  For  large  values  of  the  input  (s/n)  ratio  on  the  other  hand, 
no  representation  of  Q3  and  for  all  (large)  p is  poBsibie  in  the  range 
around  v = 0 (the  case  of  extreme  clipping).  This  follows  from  the  fact 


that  Q3(v)  and  Q^(v)  vary  as  1/*, 


Thus,  in  this  region  (0<v<l)  "sep- 


arated" expressions  of  the  types  (4.  13)  and  (4.  14)  cannot  be  properly 
written.  Instead,  a suitable  modification  of  and  Q^,  depending  on  p, 
is  needed.  Note  from  Fig.  17  that  and  Q4  approach  the  limit-curve 


Fig.  17.  Dependence  of  P on  it  f or  large  p,  and  a sinusoidal  signal. 

as  p becomes  larger.  This  means  that  the  fluctuation  noise  vanishes  much 
more  rapidly  th»n  the  d-c  increment  when  ideal  clipping  (v=  0)  is  us?:d. 

The  limit-curves  set  an  upper  bound  on  P ?.s  p is  made  larger  (for  the 
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particular  device  in  use). 

The  significant  difference  between  noise  and  sinusoidal  inputs  io 
brought  cut  by  the  fact  that  (for  a narrow-band  noise  "signal"  in  a nar- 
row-band noise  background,  where  p;>;>  1),  the  output  power  ratio  Pis 
virtually  independent  of  p,  viz.  * 

<£  -Sr><P„oi.e>N.B.“  Q5(v)  ’ p>>  1 ’ ca,e  1(b)  (4'  '5) 

F 

The  quantity  Q,.  exhibits  the  same  type  ot  behavior  as  and  in  the 
"clipping"  (v-^  1)  and  "amplifying"  (v>l)  regions,  in  the  latter,  P i« 
independent  of  p because  the  input  "signal"  itself  is  a noise  wave,  pro- 
viding most  of  the  fluctuation  noise  itself  (strong  "signal"  cace).  even 
as  it  also  supplies  most  of  the  d-c  increment.  Thun,  both  the  output  sig- 
nal and  fluctuating  background  increase  at  the  same  rate  for  a given  de- 
tector law  (v^>  1). 


' For  very  large  input  signal  tc-noi.se  ratios',  the  ideal  clipper  is  char- 
acterized by  the  greatest  output  signal -to -noise  ratio.  Over  all  values  of 
input  ( s /n);  the  output  signal -to -noise  i t io  for  the  ideal  clipper  i s [ eq  . (9 . 9)}  , 


<£-£><P»oi..>N.B.“  1-672  [!„(!  +P>]2 

F 

~ 1 . 672  1 

2 


(4,  16) 


It  is  to  be  noted  that  the  characteristic  p dependence  for  weak  signals  is 
present  here  (4.  16).  No  such  simple  relation  as  (4.  16)  exists  for  a sinu- 
soidal signal  for  all  values  of  p.  However,  for  sirong  signals,  we  have 


(—  — I P = iln  p + 0. 577)~  p ; case  1(a)  P?v>  1 (4.1?) 

v Up 


(—  t — £-)  P - i (In  p + 0. 577)^  p ca  se  2' a)  , p»  1 (4.18) 

m.  v# 


(—  7 — ?-)  P : — -( In  p + 0.  577)^  p ; case  2(a),  p>f>  1 . (4.i9) 

x Uvp/Q  j 776JV  ■ 


♦ 
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We  remark  that,  excot  for  seme  general  qualitative  statements,  no 
investigation  of  case  2(b)  (a  narrow-band  noise  "signal"  ina  background 
of  broad-band  noise)  has  been  carried  out.* 

The  previous  discussion  may  be  summarised  in  Fig-  18  opposite, 
the  salient  features  of  which  have  been  remarked  upon;  the  exact  curves, 
figs.  19-24  follow,  with  the  analytical  results  appearing  in  the  body  of 
the  report.  (Part  III,  sees,  8,  9,  10). 

The  effect  upon  P (the  output  signal-to-noise  power  ratio)  of  pre- 
senting a variety  of  inputs  (cases  1(a)  to  2(a))  to  the  vth-law  devices 

( v = 0.1.2)  at  extremes  of  input  signal-to-noise  ratios,  are  summarized 

2 ^P 

in  Table  I,  The  quantity  referred  to  in  each  case  is  specifically  (—  -- — ) P. 

2 « p f F 

The  quantity  tabulatedin  rows  7 and  8 respectively  ar t‘.  (—  — ) P and 

2 u?  ‘ '-(wB)o'- 

(—  t— — )P  . If  the  input  mine  powers  from  these  two  filters,  optical 
rr  (mF)g  — 

and  Gauss,  are  required  to  be  the  same  for  a given  signal,  then  eq.  (4.6) 
must  be  applied. 


(4.20) 


Quantities  in  row  8 are  therefore  multiplied  i> y ‘y v.  if  we  compare 
2 WP 

(—  nj-fy-'i  P *n  row  1 with  the  same  quantity  in  row  8;  e.g.  , a signal  of 

a given  power  must  be  accompanied  by  a noise  of  equal  power  from  each 

filter.  Moreover,  comparison  of  identical  quantities  at  the  output  are  re- 

up 

quired  to  express  y— ) p for  both  types  of  spectral  input. 


* In  this  case,  P depends  not  only  on  v,  but  on  a ratio  of  bandwidth  of 
"signal"  and  noise 
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Fig  18.  Output  si gnal-io-noise  power  ratio,  P.  .tor  the  cases  c.onsidered  in  the  dis- 
cussion, illustrating  variations  and  features  ciscussea. 
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5.  A •sumptions 

The  following  problems  are  presented  and  solved:  to  find  the  corre- 
lation function  for  the  output  of  a vth-power-law  rectifier  when  the  input  is 

(i)  noise  alone 

(ii)  noise  and  an  uncore  elated  signal  as  described  in  Part  i,  c i.  cases 

l(a>  - 2(b). 

The  condition^  which  the  nonlinear  element  is  to  obey  are 

(1)  the  device  is  assumed  to  be  frequency-independent.  This  is 
a realistic  assumption  for  the  following  reasons.  When  the  distributed 
7‘eactance  of  the  device  has  a negligible  effect  on  a voltage  in  the  frequency 
region  under  consideration,,  our  assumption  is  valid  ab  initio.  When  such 
is  not  the  case,  the  distributed  reactance  may  be  considered  a?  belonging 
to  the  circuits  associated  with  the  device,  as  a first  approximation.  Fre- 
quency-dependence attributable  to  the  associated  circuits  may  be  intro- 
duced by  separate  consideration  of  the  effect  of  all  reactive  networks  upon 
the  spectrum,  before-  or  after  the  device. 

(2)  the  value  of  v is  unrestricted  and  positive;  i.,  e.,  v^sO.  (cf. 
sec.  4,  ref.  5. ) 


rI’  U « MW  AM  « 

A uc  t-^nuivium 


;s  noise  and  signal  at  the  input  arc  assumed  to 


obey  are : 


(1)  the  noise  is  stationary;  i.c.,  the  ensemble  of  possible  noise 
wavtis  remains  invariant  under  an  arbitrary  linear  time  transformation. 

( ?)  the  noise  belongs  to  a gaussian  random  process. 

(3)  the  signal  is  stationary. 


The  results  of  this  investigationareapplicable  to  the:  calculation  of  ( 1) 
the  output  signal -to -noise  ratio  as  a function  of  the  input  signal  noise  ratio, 
(as  previously  outlined).  (2)  the  rms  fluctuation  at  the  output  of  an  opti- 
mum linear -averaging  element  fallowing  the  vth -law  device;  (3)  compar- 
ison between  full  and  half -wave  detection  in  the  above  two  instances. 


TR  18?, 


-20- 


6.  The  Output  Correlation  Function 

We  now  review  briefly  the  problem  of  obtaining  the  correlation  func- 
tion of  the  output  for  a stationary  wave  that  has  been  passed  through  a 
general  nonlinear  device  (cf.  sec.  5.)  If  the  input  voltage  is  V,  and  the 
output  current  (or  voltage)  is  I,  then  I and  V are  related  by  some  func- 
tion, 


I = g(V>  . 


(6.1) 


Than,  if  V(t^)  is  some  function  of  time,  and  I{tj)  is  a corresponding 
function  of  time,  the  output  correlation  function  is 


R(t)  = ^(tj)  I(t2))>t 


(6.2) 


The  ergodic  theorem  implies  that  (6.2)  can  be  replaced  by* 

R(t)  * 4(Xj)  g(x2r>  8 *. Jrj  g(X1)  g(X2)  W^X^X^t)  dXj  dx2 

(6.3) 

in  the  usual  way,  v'here  W2  is  the  joint  probability  that  the  voltage  V lies 

in  the  range  Xj,  .X^  + dXj  at  time  tj  and  in  the  range  X2>  X2  + dX2  at  a 

time,  t?,  which  is  t later  than  t,  . For  the  statistical  average,  / \ ,X. 

-■  1 \ / B * 

refers  to  V (t)  at  seme  arbitrary  time  t,,  and  X,  to  V at  a later  time  V,; 

— ■**  £* 

method  is  now  applied  to  the  problem  of  noise  alone.  We 

consider  first 
A . Broad-band  Noise: 

The  nonlinear  device  is  a full-wave  rectifier  whose  dynamic  charac- 
teristic is 


g(x>  - p x:j 


(co  <X<oo}  , 


(6.4) 


The  input  is  a gaussian  noise,  for  which  W7  , Eq.  (6.  3)  is 

W (X.,X?;t)= y-™  exp  [ -(X2  + X.f  - 2rX,X,)/2i|i(l-:r2)] 

' (6.S) 


* If  a process  is  ergodic,  then  the  time  ave.rag;c  of  a random  variable  is 

set  eq'U'ai  (to  within  a out  uf  functions  ofprob.  mt-ioure  zero)  to  the  cor  - 
responding  isnembk  (statistical)  average  of  the  b?me  random  variable. 
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i|j  = intensity  of  the  noise  - V*' 

r = r(  t)  = auto-correlation  function  for  the  input  [ r (0)  = 1]  , 


To  evaluate  the  integral  (6.3)  it  is  convenient  to  use  a development 
of  "W^  4n  terms  of  the  Hermite  functions  (cf.  Appendix  A),  via.: 


W2^1,X2;  l>  * If  j?  % 


, , .m 

i lIIL-  r (t)m 


m=0 


,(m),  ^1  . »(m),  . 

• <7T7ZM  ' 7172  • 

V 4* 


(6.6) 


1 


>m 


2 

v 

T 


ft  n\ 
• t 


2 
v 

where  (v)  - — e ^ = (-l)mHjv)  - 

fm  dvm  m fsr 

and  Hm(v)  in  a Hermite  polynomial.  **  Substituting  (6.6)  into  (6.  3)  gives 
finally 


m ! 


R (t)  * 4 ^ l±L<*Ii™.  hi  _ , 


o,m 


(6.8) 


m = 0 


where  the  amplitude  functions  h , are 
r o.in 


h = p 
o,m  ^ 


4 4> 


1 

m+1 


1/2  y> 

l / |x|Vm>(JL.)  a*.  (6.9) 

I J ft 


-00 


We  remark,  before  continuing  the  analysis,  that  many  of  the  results  can 
be  conveniently  expressed  in  terms  of  hypergeometric  functions,  a num- 
ber of  which  are  already  tabulated.  Two  types  which  appear  frequently 
are 


2F  j (a.t^c.ju) 


m=0 


<a>m<b> 
c ) 


m 

u 


m t 


where  (a)  = a (&+  1)  ...  (a  + m - 1)  - p(a  + m)/P(a) 

1*1 

and  (a)Q  = 1 


l 

i 

t 

t 

t 

l 
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22 


and 


, Fj,  fa.b  ; u)  = 


(a)  rn 

m u 


1^) 


rti=0 


m m ! 


Here,  i't  is  found  that  (6.8)  can  be  written. 


R(t)  = Cv  • ^ 7=r<‘>2> 


(6. 10) 


The  constant  C appears  frequently  in  our  work.  Its  value  is  specifically 

V 

) 2 


_ (2^)  . 


pr(vil)| 


(6.11! 


B.  Narrow-band  Noise: 


Narrow -band  noise"'  possesses  correlation  function  of  the  following 
form,  if  the  nciBe  spectrum  is  symmetrical  about  some  central  frequency  , 


f : 
c 


We  find  that 


v (t)  = r (t)  cos  u>  t . 

O v 


(6. 12) 


L 2~m  J (m+j) ! (rn-j)  i 


(6.  13) 


Here  « factor  is  one  for  j - 0 , and  two  for  all  other  indices.  A uBeful 
identity  here  is 


( 2m’i  t , < 1 \ 

1 — -r—  = m!  ( ~r)  . 


(6.  14) 


When  (6.13)  is  substituted  into  (6.  10),  and  all  contributions  to  the  cos  2j«ct 
terms  are  collected,  we  obtain  for  the  correlation  function  after  full-wave 
rectification  of  narmw-band  noise 


co 

R(t)  - RZj  , (6.  15a) 
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with 


-ZJ 


[Cv'  2)1 


oo 


L k=J 


. V .2  2k 

(-  7>k  Vv; 


(W-j)i  (k  + j)l 


co  a 2jw  t.  . 
J c 


(6. 15b) 


Here  R-,  is  the  contribution  to  the  Zj'th  spectral  'zone.  The  expression 
2 J 

(6.  15)  is  identical  with  the  even-zone  parts  of  the  correlation  function 
when  a half-wave  rectifier  is  employed.  (Cf.  ref.  5,  page  481.)*  After 
some  manipulation,  we  obtain  finally 


_ y (t)^  t -y 

R2j  = C V*  TfT  co-2jo)ct  2Fi(j-5:j-^;2J+l;roitr  ) 


j = 0.1,2  . . . 


{ b . 16) 


(C  ).  „ =4  1C.  ) 

v full -wave  v half-wave 


Since 

the  only  difference  for  the  even-zones  outputs  in  the  two  types  of  rectifi- 
cation is  that 


• R(  tJ2jJ  full-wave  “ 4 ^ R (t)2jJ  half-wave  * 


(6,17) 


if  or  the  iow-frequency  continuum,  j = 0.  the  correlation  function  for  a.  nar 
row-band  noise  output,  alone  is  simply 


Rw0"cv  ' 2Fi<-r--T  - ‘.'oi"2*  • 

Cf.  Eq.  (6.  !!)t  ref.  (5). 

7.  Characteristic -Function  Method 


(6.  I H) 


A.  Output  Correlation  Function;  Transforms 

A technically  more  convenient  approach  is  the  so-called  "characteris- 
tic-function method,"  which  may  be  applied  to  both  class***  (!)  and  { 2)  of 
input,  discussed  in  section  2.  Consider  first  the  general  half-wave  device, 


* F.ven  zones  appear  in  the  random  noise  case  for  the  same  reason  as  they 

do  ir.  the  simoie  sinusoidal  input  case;  .Fourier  analysis  of  ths  output 

has  for  its  fundamental  frequency  twice  the  fundamental  of  t.he  input  . 


i 
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in  which  g(X)  exists  only  for  positive  X,  and 

g(X)  = 0 , X<0  . 

T1  transformed  characteristic  is  then  defined  as: 

f(i^)  = dX  . Im(*)<  0 . 


(7.1) 


(V  . 2) 


Assume  that  g(X)  does  not  diverge*  faster  than  e ^X.  wheve  y is  some 
positive  constant.  Equation  (7.2)  is  simply  a Laplace  transform  in  the 
z - 15 -plane.  Thus,  the  following  transform  representation  of  g(X)  is 
obtained: 


g(X)  = ^ , Im(*)<  0 . 

“ " Jn 


(7.3) 


where  C is  a contour  along  the  real  ^ -axis,  with  an  indentation  down- 
ward around  zero  to  avoid  a possible  singularity,  for  y equal  to  zero. 

If  y is  not  zero,  then  the  contour  would  have  to  be  shifted  down  along  the 
imaginary  J-axis  an  amount  -y.  For  the  devices  we  consider,  any  con- 
tour arbitrarily  close  to  the  real  ^-axia  is  satisfactory. 

imaginary  axis 


3 -plane 

w 

~ for  v = 1 

, /, 

w 

h- 

.for  y 
i nite 

Fig.  25.  The  contour  for  evaluating  g in  the  3>  -plane 


A canonical  form  for  R is  obtained: 


H{t)  _ ..  y I d 5 1 > f2'^ r z;t' 

4ir  Jc.  Jc. 


(7  4) 


* This  is  physically  quite  reasonable,  and  perhaps  ever,  too  strong  a con- 
dition. since  most  electronic  devices  saturate  at  tome  input  level.  X . 
and  for  X^>X^,  g usually  remains  constant  or  goes  to  zero. 
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where  F ( !•  y t)  = j j W.,(X  ^ , X£;  t)  e " 4 dX,  dX2  . 


•oo  -a> 


(7.5) 


Here,  F 2 is  the  characteristic  function  of  the  probability  distribution,  W2, 
i.e£  , its  Fourier  transform,  which  possesses  convenient  properties  for 
our  work,  as  will  be  seen. 

The  full-wave  case  now  can  be  obtained  by  a generalization  of  the 
half-wave  case.  The  most  general  type  of  full -wave  response  may  be 
expressed  as  the  sum  of  an  even  and  an  odd  part: 

g(X)  « ae(X)  + g0(x)  , 


with  the  properties 


gc(X)  = g„(-Xj  , 


go(X)  . -g0t-X)  . 


Consider  first  the  even  part.  This  is  a function  which  is  symmetric 
about  the  g-axis.  Treating  the  positive  and  negative  halves  of  g(X) 
as  being  half-wave  devices,  *e  may  write: 


where 


ge(x)  = g'c(x)  + g-;(x) 

(X)  = J-  f f.  (i?)  d 


*Mew  * ^/"£«(i^)ei1("X>d5 


It  is  immediately  obvious  that  g"e  (X)  = R'e  (-X)  . That  is,  the  first  con- 
tour integral  vanishes  for  X<0  , and  takes  on  the  values  of  ge  (X)  for 
X>0  , while  the  second  contour  integral  vanishes  for  X>0  , and  takes 

Oil  ihc  values  of  g ( -X)  for  X^C  . Similar  c one i derations  applied  to 
c 

the  ocH  part,  of  giX)  result  in  the  relations: 


it!  Jtilgiti  II  Trn*1f  1*  **  I .sk.B«h«Msi'AL-  ui 
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go(X)  = g'Q{X)  - g"0(Xi 


h I V* 


*o'x>=  ST  / ‘.f^)«1V-'X)  *1 
X 


Therefore,  in  general,  we  have 


si*)  - i r ?x  a5 + ? / ‘o'*?1  ,ir‘  ?* d?  • 


tr  j e 


(7.6) 


g(X)  we  specialize  in  this  report  to  g_  (X)  , (gQ  = 0)  , so  that  g becomes 

g(X)  = i ^ f(ip  cos  ^Xdt*  . (7.7) 


The  output  correlation-function  after  full -wave  rectification  thus  is  seen  to 
be. 


R(t)  * 


4tt 


K4*1/ 

C1  X’2 


d?2£'1?l),(i?2)  f*  <!l-S2">  l7-8) 


where 


co 


f 2^r  *2:  ^ “ J 2 ^ Z°e  ( ^ 1X1  + ^ 2X2^  4 COfi  * ^1X1  ‘ ^2X2^ 


W2(X,.  X2;  t)  dX1  dX^  . 


Recalling  the  definition  of  the  characteristic  function  (7.5)  we  easily  see 
that 


5 2,  ^ r ^2’  ^ 1’  ^2* t;  4 F2^~  S 1*"1  2’  ^ 4 *V'“  bi'  ^2;  4 1’“  ^2:t^’ 

(7.9) 
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Kern  th«,  first  two  term*  are  equal,  as  arc  the  last  two,  so  that 

t.(51,§2!ti  = 2[r2(?1,^ititi-2!^i,5jitn  . (7.10) 


For  example,  for  normal  random  noise  we. recall  that 

2 , t : 2 


F2(^.  l2it)  = exp  [ - $ + 2!l?2  r{t>  ^ ‘ (?*U) 

5 


If  the  input  1b  a sinusoidal  signal,  we  find  that' 


VW‘»  = ZL<-‘'m=  mJm(A<di>  Jm<Ao?2>co,m"ot  • 


m=0 


(7. 12) 


the  amplitude  of  the  signal  being  , and  f its  frequency.  In  (7.  12) 

C Q 


we.  observe  that 


J (-u)  = {-Dm  J (u)  , 
m m 


so  that  (7.  10)  applies  for  a sinusoid,  as  well  as  noise.  Accordingly,  in 
the  present  case-  we  car.  write  finally 


R(t)  ^ 


2-jt 


J *hj  <‘12I(i5li‘'(i^»[F2<ll-52it'  + F2'-?l'?2;,»} 

C'  *7  (7.  13) 


B.  Broad-band  Noise 


Here  we  obtain  from  (7,  11)  for  (7.  i3) 


F2(^l*Wt)fy2!^r'2;t)  = 2 exp  t <ir  + S2^  cosh  !zr(t^ 


(7.14) 

If  the  hyperbolic  cordne  is  expanded  in  a power  series,  and  the  results  sub- 
stituted mtc  (7.  13)  there  results 


R (t) 


t) . 4 S Ltuaiil  „ * , 

•' » / \ I 0,2.11 

nTo  ^2n)  1 


/ n icy 
\ • * 1 -» ; 


*For  symmetrical  distributions  only 


i 


i 

I 


And  in  particular 


o,2n 


*.tr 


r. 
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(iTi 
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The  relation  (7.  15)  which  follows  from  the  characteristic -function  meth- 
od is  seen  to  he  formally  identical  with  (6. 8),  with  m ■«  2n  . In  the  direct 
method  of  sec.  6 the  terms  for  odd  m are  elimin  ted  (cf.  Appendix  1)  , so 
that  the  formal  identity  between  the  two  methods  is  complete.  The  expres- 
sion (7.  id;  for  hQ  ,n  occurs  in  R (t)  when  the  half-wave  vth-law  detector 
is  .investigated.^  The  only  difference  between  the  full-  and  half-wave  re- 
s^nises  lies  in  the  fact  that  the  odd  terms  h , , , are  miasinpr  in  the 
full-wave  operation.  and  the  full -wave  expression  for  R(t)  is  multiplied 
by  an  additional  factor  4.  (The  integrals  rnay  be  evaluated  by  the 

method  shown  in  Appendix  E.  ) The  case  of  narrow-band  noise  input  alone 

U O a Koor  nrain  rmsl**  f*  f.Tl 

*•«*«>  w;  v »4  4 » • w w • j ««  v»  u * v v*  a as  sOv  j w XJ  $ 


C.  Sinusoidal  Signal  and  Broad-band  Noise 

It  io  well  known  that  the  characteristic  function  of  the  sum  of  inde- 
pendent variables  is  equal  to  the  product  of  the  characteristic  functions 
of  each  of  the  variables i' ^ Thus,  if  the  input  to  a nonlinear  device  is  a 
sum  of  two  independent  voltages  (e.g.,  sinusoid  and  noise)  we  may 
writs 


F2(1i:  J2:t)s+n 


V jT  S?.;t)s  F2  ■^i'?2;t,n 


{?..  17) 


where  the  subscripts  «i  and  « refer  respectively  to  signal  and  noise. 
With  the  help  of  (7.1 14  and  (7. 12)  R may  be  expressed  as 


nrt 

R(t)  » 2 > < ! t-l)rrl+"+  l]  LtlMl  h2  cc.  mw  t , 

X m 1 v * _ , ir>r>  o 


(7. IS) 


in  ,n~  U 


where  K is  the  amplitude  function 
mn 
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2=  I £<*V  f"  Jm<A01!» 


(7.  19) 


Note  for  m-  0,  and  A, 


0 that  H reduces  to  ouc  previous  integrals, 
on 


h ,so  that 

o,ji 


lim  H = h 


A ->0 

o 


on  o ,n 


(7.20) 


lim  H - 0 ; rr.  J Q . 
Ao->0  mn 


since  Jm(Ao^  } vanishes  as  Aq->0  . As  expected  for  vanishing  signal 
(7.  18)  reduces  to  precisely  the  expression  (7.  15)  lor  noise  alone.  The 

.■  . t i , <■«.  _ 1m  i a.  » • ' a , r • . 1 l vlH  "tn  _ .ii 


first  half  of  the  sum  (7.  18),  containing  the  factor  (-1)  , is  exactly 

the  half-wave  expression  for  a sinusoidal  signal  in  noise.  Tue  second 
half  of  the  sum,  {that  containing  the  term  1)  removes  terms  for  which 
(m  + n)  * Zt  + 1.  Then  R may  be  simply  written: 


R (t)  = 4 / 

m+n=2C 

P=051,. . . 


c H 

r m mn  •»  r . ,.,in  * 

l— — — J I4>r  (t)]  cos  mwQt  . 


(7.21) 


D.  Remarks  on  (»Xn)  Noise  Term; 


Befor«  examining  the  complete  expression  which  arises  from  (7.21) 
for  the  vth-law  device,  we  present  a short  discussion  of  (7.  18).  First, 
examination  of  reveals  that  the  integral  (7.  19)  represents  a (signal- 

device-noise)  interaction  term,  in  matrix  form:  (m!f|n),  corresponding 
to  the  signal  statistics  [ J (A^  )]  , the  device  t(ifj)  , and  the  noise  statis- 
tics ?nexp  (-  ^ ; m and  n referring  formally  to  statistical  "state?" 


of  the  signal  and  noise.  Since  H depends  on  A and  ib  , as  the  input 

m n o 


signs l -to -noise  pow'er  ratio 


o 

p ■ t:/ 


(l.U) 
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chan?e&,  so  H is  sensitive  to  this  variation,  Each  state  inside  H 

i7>  mn  mn 

is  associated  with  a time -dependent  term  outBide  of  the  integral,  speci- 
fied by  the  same  state  number. 

The  d.c.  t'" rm  in  (7.  21)  is  represented  by  , since  (0  |f|  0)  is 
the  only  term  associated  with  a constant  in  the  time -dependent  terms. 
Thus,  it  is  immediately  seen  that 


/ 11  r 

VW 


d.  c 


V —A 

**S  VN  ’**oo 


tn  7\\ 
\ • • 


represents  the  d.c.  intensity  at  the  output,  with  signal  and  noise  as  input. 
Since  (W,  )m=  limn  (V.  „ , £ rom  (7„  20),  the  d.c,  intensity  for 

Cl  . C • S 1 q d • C • wJ  T w 

noise  alone  is: 


(W-  )M=4h  . 

' d.  c . N o,o 


(7.24) 


The  d.c.  voltage  increment,  or  output  signal,  is  then 

S = 2[H  - h J . (7. 25) 

out  L oo  ooJ 

Note  that  the  output  sign*!  increment  is  independent  of  the  narrow-  or 
broad-band  structure  of  the  noise.  The  only  difference  between  P for  the 
two  cases  1(b)  and  2(b)  arises  from  the  fluctuati on- noise  in  the  output. 
The  low-frequency  continuum  at  f = 0 is  from  Eq.  (3.8) 


W(0)  = 4 


R*  (t)  dt, 


(7.26) 


where  R’  is  that  part  of  the  correlation  function  yielding  (s  Vn),  (nX*0 
terms  only  (exclusive  of  d.c.)  ; (7.26)  depends  upon  integrals  of  the  form 


rr. 

ms 


op 

! r (t)n  cos  mui  t dt  . 
i o 


(7.27) 


The  value  c?  (7. 27)  depends,  of  course,  on.  whether  or  not  the  noise  is 
broad-  or  narrow -band. 


* 

tu 


I 


jOtl  th  i ri’y+  wt-*  -r-  -'*WI  i. * ; *^.1* { i^i -*  ^ aV  i fcCSi M 


I 


■■A 


mi. 
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If  represents  the  intensity  of  the  noise  fluctuation*  (low  fre- 
quency output},  from  (7.21)  we  get 


N = 16  i\ 


XI 


m+n=?/> 

•6=1, 2, 3. . . 


r mn  , n _ 

1 m n I ^ ***  mn 


(7.28) 


2 

and  the  output  signal -to -noise  (power)  ratio  is  given  by  P = (S/N)  : 


no 

<l^r)p  = tHoo-hool2/“r  • Z &!]*”.  T (7.29) 

* m+n=2-o 


„ 2 


1=  1,2,3... 


Equation  (7.29)  indicates  the  manner  in  which  P depends  on  the  H matrix 


and  the  T "band-structure'*  factor.  If  A 'X  Vy , a rase  of  interest  to 

Util  O 


use  here,  Eq.  (7.29)  simplifies  somewhat  to 


on  . 2 , _ A 2(m-2) 

. . r f * ft  (liTfll  /- 

} -.£?— ° i-£)  T n (7.30) 

vir  F C — > . _ , < n2  2 mn 

£=1,2,3... 


Equation  (7.30)  is  convenient  for  calculating  P,  when  the  amplitude  fv.nc 


tion  ,/  are  known. 

V|tK  # 


If  a vth-law  device  is  assumed,  H can  be  obtained  (ref.  1,  Ea.  A. 

mn 


3.  14),  so  that  the  total  R may  he  finally  expressed  as  the  following, 


^ ^ i";  rp  j ^ 

R(t)  = cr(i*l)!  v >7-[r«n(;os,!n  “„!5  ■ 

m+n=?.6.{rnl)  nK  (2+  1 { 


= 0.1..  . 


(7.31) 


£ y 

Here  ,1?',  = ,*',((/  - -i-;  m t 1;  - p)  is  the  confluent -hypergeometric  function 

1 A a * C» 

[cf.  (6.9)  et  seq.]  . The  separation  of  the  important  terms  in  (7.21)  to  ob- 


W(0,l  -4 j R'(t)  dt 


is  carried  out  in  Part  III. 
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E.  Sinusoidal  Signal  and  Narrow-band  Noise 

For  narrow-band  noise,  the  above  formalism  is  not  convenient. 
Such  a noise  wave,  having  a symmetrical  spectral  distribution  about 
a frequency  f ' , possesses  a normalised  auto -cor relation  function 
which  can  be  written 

r (t)  = r (t)  cos  w t . 

* o'  c 

Let  f£  be  set  equal  to  the  signal  frequency,  i . Then  the  character- 
istic-function needed  in  the  canonical  form,  {?,  13)  is: 


N 


m,q=0 

mi-q^ZC 


l V*r  tl  l 2>}  [ (cos  m t)(coe  q t)]  . (7.  32) 


[In  deriving  (7.32)  we  have  used  the  relation 


V7 

-z  cos  Q > ■ . . ,q,  . . _ 

- / (-  ipi_(z)  CCS  qO 


where  is  a modified  Bessel -function,  j When  (7.32)  is  substituted 
into  (7.13),  and  I is  expanded  in  the  series 

q 

^s!?7  i /ts  2 & - m + 2 n 
r - r . > „ ^ (z/2) 

I = I?p  ,_(z)  - / 

Q ct  -iTi  £ 


-Jf  (n  1 )( 26  -m+n)  ! 
n- v 


the  following  characteristic  zonal  structure  appearu: 


«■  It) 


with 
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R„  (.)  - 4co.  2t*  t y Vtn.j»Jg:«|+*»i  [ (t)] 

4-0  ° »n  n t !k4  ! rr; ^ 2? ! S I 4 ° 

m ,n=0 


r ri 

|H 


■>  (. 
J 


2n+  \m-Zt\ 


M«  r |nc-2e|  >1 


{?.  33} 


where  |m  ^ | previous  significance.  The  low -frequency 

zone,  6=0.  is  of  greatest  interest  here:  we  *ind  that 


R(t)o  = 4 


^ (Hr 

-k_m  n ! 
m,n=0 


(m+n)  ! 


[ X r it)] 


c,  o 


(7. 34) 


For  the  vth-iaw  device,  H , . haa  been  evaluated,  sc  that  we  can 

rr\.?.n+rrL 

write  explicitly 

2'ciiaSs._(-  Z)r ,F,(m+n- 4:  m+1; -p)2  , 

P rJt' 


m 


,n=b  (mi)2  n ! (in  + n)  I 


(7,35) 


V^H 


F Two  Uncor related  Broad-band  Noise  W ave s 

If  the  "fiigiukl"  noise  presented  to  the  nonlinear  device  be  indicated 
n'  and  ih?;  background  noise  is  denoted  by  n . then  for  an  input  which  i» 
the  sum  of  these  two  statistically  independent  noise  waves,  we  have  di- 
rectly 


< 

b2 


;t) 


n'+n 


!=  F. 


<1 


l'^2;t)n' 


:<*!■ 


$2jt)n' 


(7.  36) 


For  craussian  noise  this  becomes 


F2(  jr  *'n,+n  ='  exp  I ~T  * i f + exp  - t«Mt)+«|i'r'(t)J  %l$z 


where 


4<t  = 4#  + 4>'  = 4*  ( 1 + p) 


(7.  37) 


and  the  input  (power)  signal -to -noise  ratio  ic 


p=  $ ■ 


(7.  38) 


I 


The  expression 


4jt  may  replace  <|i  everywhere  in  the  expreocion  for 


T 'A  '*  82 


noisf!  alone , Vre  nave,  therefore. 


, h \ 

R(t)«  4>  [*r{t>  + -y  r'(t)j6n  , 

t;,rr  (2n)  ! 


(7.39) 


where  h 7 . now  contains  the  factor  4*_  . For  case  1(b)  where  both  nig 

O | b?'\  X 

nal  and  noise  have  the  »,ame  spectral  shape,  e,  g. , r (t)  = r'  (t)  , we  get  at 


x’  i4fTr(U]2n 

/ 

(2n)l 


v i Ttnr  " t " r*  j 


(7.40) 


which,  as  expected,  is  precisely  the  expression  obtained  for  noise  alone 
through  g(V)  , [except,  of  course,  that  »J*ia  tk*.] . Then  we  can  write  also 


R(t)  = Cv,P  2F1  7‘  ' 7l  7«  r(t)2) 


-C„<1+P>r  ‘ 


Where  the  spectra  of  this  input  noise  wave  have  shapes  [case  2(b)],  then 


U - /<  XT  i V V . 1 . r r (! ) i (f ) 1^1  1-7 

K(t)"cv,P  2*  i 7*  7 • 7 * L — rn-ii — J 


which,  computationally,  is  rather  an  involved  expression. 


G.  Two  Uncorrelated  Narrow-band  Noise  Waves 


Here  R(t)  is  identical  with  the  correlation  function  for  noise  alone, 


except  that  c,  is  replaced  bv  C , as  we  have  shown  above.  The  zonal 
r v 1 v,p 


structure  for  two,  narrow -band  noise  voltages  after  rectification,  one  of 
which  is  the  '‘signal'’,  the  other  of  which  is  the  "noise"  land  both  of  which 
possess  identical  spectra)  , appears  in  the  same  way,  except  for  the  p-de- 


pendent  multiplier  (C^  ) . Therefore,  for  the  low-frequency  zone,  we 


Rtt}o~Cv,p  2"  1 7’  " 2 * 1 ; ro(t*  * * 


(7 . 43) 


S 1 


>--T 


m 


EG! 
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Whon  tfac  noise  spectra  are  different,  though  still  centered  about  the  same 
spectral  frequency  f^p  we  get,  corresponding  to  (7.42), 

r (t)  H-  p T'  (t)  , 

*<*>o  ■ cv,p  **,»-  j-  & ' l ° (rr-pr— 1 1 • «T-44» 


The  Output  Signal -to -N olee  Ratio 

8.  Sinusoidal  Signal  in  Narrow  -band  Noise 

Using  expression  (7.35)  for  the  low  •frequency  correlation  function 
R(t)  we  find  that  the  d-c  terms  constituting  the  signal  are 


(w  ,F,  ; 1 ; -p)‘ 

d.c.  O+IN  V A A a. 

(W.  = C 

' a. c . m v 


Therefore,  the  d-c  signal  increment  S is 

s = VCy  [ j ( - -y ; i ! -p)  ■ ‘1 

The  fluctuation  noise  power,  N-",  on  the  ether  hand,  is  given  by 


(8*1) 


(8.2) 


(8.3) 


N = 4C  f * > 
v P 2L 


m,n 

m+n¥0 


*'  2*  j'l'1**'**  ? ’ **'  * »’  j 

n!  (m+n)  I (m!)^  J 


I ..vA,UTIIl 

;t — — * / ro(t'  dt 
C (8.4) 


and  the  d-c  term,  tn,n=0  is  excluded.  If  the  pre-detection  filter  is  a 
simple  na r row -band  RIjC- tuned  circuit,  as  shown  in  big.  26,  then  the 
correlation  function  of  the  input  noise  is  givcin  by 

r(t)  = ro(t)  cos  fit 


with 


. R_ 

F ~ 2L  * 


.»  F • 
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ana 


r0  (t)  = e 


-urltl 


(3.5) 


o o 

•f  fnoi  nel 
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- H—j 

r° 

t 

1 

4 
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X 

I = ^ix|  j 
! 

«-•  r j i 

o. 

3 

r 

.i 

D.  C.  (S*N) 
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PRE-DETECTION  DETECTION  IMPOST -DETECTION 


Fig.  26.  Narrow-band  noise  and  block  diagram  of  detertinr.  f»y«tem. 
Writing  P , - (S/N}^  . we  have 

° n+n  ' 


/ l v p - H(p) 
' it  Up  ' ~ a+n  Cj^p) 


(8. 6a) 


wuere 


H{o';  = [ (-  ji  l;-p)  - 1] 


(8.6b) 


v ,2 


?.  Hi 


~vi"  -Z; 


1F1<n,^n-7;n^l;-p)  p 


(8.6c) 


r~^t0  n!(m!)  (m  + n)  ! ( 2n  + m) 

Since  G (p)  is  a rather  complicated  function,  various  approximations  have 


been  developed  for  the  extreme  cases  of  weak  and  strong  input  signals 
(p2«l*  p2»l)  - 


A.  Weak  Signals 

An  approximation  for  G is  developed  in  Appendix  G for  very  small 
values  ol  p,  leading  to  an  expression  of  the  form 


G(p)  i gQ(v)  + g1  (v)  p + g2(v)p' 


(8.7) 


XT  J UU1  UJC  X or  UApi 


XT 


»wu  kd*  | a.'  j j o corresponding  .^pprcxin*i»t' o - 


for  H(p)  io. 


<•  - r«, 


#■ 


r 


ripp  i a? 


K(p)  = (£)2  p2[  1 + - 1)  p]2  . 


(8.8) 


Accordingly,  P can  be  written 


MjIv.plQ^vip2  ; (p2.£<  1) 
F 


-i  = Tg 7W 


(8.9a) 


A ftt.  V 

\Q.7U| 


is  the  function  previously  discussed  (sec,  4),  and  Mj(v,p)  is  a function 
which  slightly  modifies  <the  shape  of  Qj  , according  to  the  value  of  p , 
Thus,  we  have  explicitly 


M ,(v,p)  = 


iM^*i)p4(^  Dp2  ! 

As  i fc*  I 


gi(v)  2 

l + P + "T...  o 

grtiv)  * g„(v)  * 


"g^T 


This  function  is  plotted  in  Fig.  27.  Note  that  as  p increases,  the  func- 
tion M,  becomes  sharper  around  0<^v<^2  , and  thereby  tends  to  dampen 
out  the  slight  m£:-dnvurn  due  to  Qj  (v)  . For  extremely  small  p,  M(v,p) 
approaches  unity,  so  that  (8.9)  becomes  simply 


<|-S~)P.tr  = Ql<’'>P2'  ’-S'2-*0' 

F 


(8. 10a) 


which  is  exactly  the  expression  (4.  1)  discussed  in  sec.  4E.  The  d«nom- 
inalor  of  contains  an  important  term,  gQ(v)  . which  is: 


go(v) 


2)‘ 


h /nil  vi 

n~  1 


(8. 11) 


The  function  Q ^ ii»  plotted  in  Figs,.  12(a)  and  12(b),  respectively,  with  a 
db  and  direct  numerical  scale.  Figure  12(a)  is  the  same  as  Fig.  (4.  1) 
ref.  13.  extended  ironi  0«cTv<^l  , 
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i&.  Strong  Signal 


in  Appendix  I)  the  value  of  P , is  shown  for  large  P to  be: 

b+ti  f 


2 


% ( 


Mv)1  + {^1  L,(v)  p 1 


rr 


tr  u»  _ ' ~ a+n  2 ! . 1 ^ 7 ~ , 

# v | 1 +fljV  - 5v  - ijp 


(8.  12) 


L(v)  - [1  + p 2 (4+  1)] 


This  has  the  form  Cl^(v),  where  is  described  in  sec.  4. 

G . The  Ideal  Clipper 

For  this  case  v =:  0,  and  when  p is  large,  such  a device  possesses  the 
greatest  output  signal  to-ncisc.  From  Appendix  D we  get 


I^IP,  - P'^P+MlIlf  , (8.  l: 

TT  tJp  s+n  2 

This  last  expression  gives  the  departure  from  the  simple  dependence  on 
p discussed  in  sec.  4. 


13.  Summary 

Thus,  from  the  approximation  (8.9)  for  small  p,  from  the  exact  ex  - 
pressions (8,b)  for  immediate  values  of  p,  and  from  (8.  12)  for  large  p, 
we  obtain  the  entire  dependence  of  Fg+n  upon  the  input  signal -to -noi se 
ratio  for  various  vth-law  devices,  as  is  shown  in  Fig.  19.  If  we  arc  in  - 
terested in  P as  a function  of  v,  with  p as  a parameter,  then  the  varia- 
s in 

lion  shown  in  Fig.  20  is  presented. 

9 . Mar  row -band  "Noise"-  Signal  in  Narrow-band  Noise 

Analogous  to  sec.  8 we  find  from  (7.4  3)  the  low-frequency  correla- 
tion function  R(t)_,  that  the  d-c  terms  appearing  in  the  output  signal  indi  - 

G 

cation  are: 


i\V 


d . c 


1 

'N' 


= C.  <1  + o'. 


,2 


(9.1a) 
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IWd..jN=Cv  ’ 


(9.  lb) 


so  that  the  d-e  increment  is 


s [(i+ p)  - i] 


(9.2) 


2 

The  fluctuation  noise  intensity  N is 


N2  = C (1  +p)V  • I 
v ' v 


(9.3) 


-where  I is  an  integral  obtained  from  R (t)  using  the  same  correlation 

V O 

functions  (8.5)  for  the  narrow-band  noise  as  were  used  in  sec,  8:  viz..- 


oo 


I =:  ~Op  j 
Jo 


[ dF{(-  J,  - j;  lje'^F1)'-  1]  dt  , 


2 w p 

= (7  r~~)  g.(v)  • 

F 0 


(9.4) 


[The  function  J4„(v)  has  been  previously  defined  in  (8.  is),  j sfs  have 
therefore 


. WP 


1 


V 

In  2 


_f_)  p =[— i r-T][l-(i  + p)  “] 

'ir  wff  n'-*n  g(v) 


(9.5) 


A . Weak  Signals 

For  small  values  of  p 


\«r  o erot 


-»  ^ T-. 

( -•  ---'I  P 

TT  W ’ 


n‘  + n 1 4g  (v) 


f P* 


- Q.  (v)  p“  , 


(9.6) 


which  is  identical  with  eq.  (8,  10a)  tor  a sinusoid  in  noise.  Thus,  for 
. we  can  write 


T-»  - VO 

a "A. 

11  *+  n 


« 4-n 
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B . Strong  Signals 

At  the  c .her  extreme  (p2l»l)  it  if?  seen  irom  (9.5’.  that 


um 

vl>l , p -^OD 


V 

[ 1 - (1+p)  7]2  = 1 


so  that  for  very  large  input  ratios  (po->2C  db)  and  v^>l  , P j+  is 
essentially  independent  of  p and  approaches. 


( f p...„  - ‘/g„(W  - cmv) 


n‘  tr. 


as  was  discussed  in  sec.  4.  Q,.  is  plotted  in  Fig.  28. 

G.  The  Ideal  Clipper 

For  the  case  of  the  ideal  clipper  (v  = 0)  , wc  have 


7.  w p 


, “ _.i^)  P = rt  Q (0)  M ?(0,p) 
r u — nl+n  • 1 £ 


Q j (0)  = 1.6715 


(9.8) 


M2(0,p) 


= t 


Thus , 


( # P = 1.6715  [ In  ( 1 + p}) 


(9.9) 


D - Summary 

The  dependence  of  F_,4^  on  p for  a particular  device  is  plotted 
over  the  entire  range  of  values  of  p , with  v as  a parameter;  for  small 
p,  with  the  help  of  the  approximation  (9.6);  intermediate  p from  the 
exact  expression  (9.5);,  and  large  p,  from  the  approximation  (9.8).  The 
complete  functional  dependence  is  shown  in  Fig.  21. 

We  may  investigate  the  dependence  of  on  v,  more  thoroughly 

for  this  case  [ 1 (b)J  tha*“  for  case  1(a)  sec.  6A . since  (9.5)  is  more. 


NARROW-RAND  NOISE  . 
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amenable  to  exact  treatment  than  j 8.6a). 

Let  us  define  a new  variable  n euc h that: 

p = In  ( 1 1 p)  ; (9. IS} 

then  the  exact  expression  for  P , (9.5)  can  be  re -expressed  as 

p2Q1(v)M2(v,p)  . (9.11) 

where 

(9.11a) 


m2(v,P)  = 


u e 


u ~ ( v)  0 ~ ( t)  ln  t1  + P)  * 


(9.11b) 


We  have  the  rather  elegant  result  that  the  output  P appears  as  a 
product  of  three  function,  each  of  who#e  behavior  we  can  determine  easily. 
The  first  ( p^)  is  a scale  factor  depending  on  the  input  signal -to-noise 
ratio.  For  small  p,  M,  i»  constant  and  equci  to  1 over  the 

range  of  interest  in  v,  sc.  that  the  behavior  (9.6)  for  low  input  (s/nl  is 
preserved.  Qj(v)  is  the  by-now  familiar  relation  shown  in  Figs,  12(a) 
and  12(b),  which  describe  the  behavior  of  various  vth-law  devices  at  low 
input  signal -to -noise  levels.  It  is  fortunate  that  is  a simple  function 
of  a single  variable,  u , [ cf.,  (9-  lib)]  . The  function  M,  ie  shown  in  Fig. 

29.  We  see  that  has  the  same  general  shape  as  the  curves  of  M : 

(Fig.  27),  is  Mp  is  plotted  vs.  v,  p as  parameter.  For  increasing  values 
of  p,  the  very  "sharp"1  behavior  of  M?  in  the  region  0<L u <14  tends  to 
dominate  the  small  maximum  in  (v)  , as  can  be  seen  by  a simple  addi- 
tion of  decibels  in  Figs.  29  and  12(a),  when  p is  large.  This  acts  to  make 
the  maximum  of  disappear,  and  the  characteristic  "peaked11  behavior 
of  ><1^  near  v - 0 is  iyoical  of  the  function  P . The  function  M,  explains 
the  disappearance  of  the  signal -to -noise  maximum  of  F versus  v at 
large  input. 

Again  for  threshold  signals,  the  maxima  of  the  product  tend  to 

disappear  rather  rapidly.  Therefore,  with  (9.  ii)  for  Pn)+r  » an  approxi- 
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mation  has  been  developed  for  the  locus  of  (P  . ) in  the  v-p- 

n +n  max 

plane.  The  details  are  left  to  Appendix  E;  the  results  are  shown 
in  Fig.  30.  Finally,  the  dependence  of  P , on  v for  a given  input 
(signal -to -noise)  is  shown  in  Fig.  22,  which  effectively  summa- 
rizes the  above  remarks. 


10.  Sinusoidal  Signal  and  Broad-band  Nulo6 

It  was  noted  in  sec.  7C  that  the  output  correlation  function  (?,  21) 
can  be  written: 


4H2  . +n 

RW=  [ -m ] [ r (t)n  cos  munt) 

n+m=26 


n l 


/ C f r (t)“  cos  mw^tj 

/ mri  ■ u 

x 

6*1,2...  , 


(10.1) 


where  the  H have  been  evaluated  (7.  31).  It  was  also  observed  in 
mn 

sec.  7D  that  the  d-c  voltage  increment  S is  independent  of  the  spec 
iral  structure  of  the  noise,  leaving  the  value 


£.[  h 


OCt 


- n 


oo 


J 


V 

■ 7 ' 


Pi  ~ 


from  eqa.  (7.  25)  and  (8. 1).  Part  of  our  problem,  therefore,  in  obtain- 
ing **9+n  i»  to  compute  the  band-structure  factor 


? 


r (t)n  com  m .j,  t dt  , 


which  is  needed  in 


W(C) 


R‘  (t)  dt. 


A convenient  Bpectral  model  is  provided  by  the  so-called  "optical"  spec- 
trum whose  correlation  function  is 


T R 1 8 Z 


r (t)  = e 


-cj_!ti 

£ 


From  this  wf  find  that 


4 n to. 


(nuF)  +(mwo)' 


r*  a r>1  arirer 


trurn  of  the  input;  i.e., 


T 

w (f)  = 4 / r (t)  coe  wt  dt 

J 

~c 


For  the  "normalized"  spectrum  explicitly  one  has 


w (f)  = 4 uF^/(u>F2  + cd2) 


as  sketched  in  Fig,  3i. 


f'T 

Z ! 


_L  L 
C 


Fig.  31  . A normalized  power  spectrum  of  input 
noise:  "Optical  Spectrum.  " 


spectrum  corresponding  to  the  normalized  auto -cor  relation 
func  tjon  r ( t)  . 
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When  w = w(f_)  ~ v.{0)/2,  the  value  at  the  half -power  point; 

1?  Jr 

^ is  the  (angular)  "bandwidth"  of  the  input  noise. 


Expressing  the  signal  frequency  as 

w = k w 


F ' 


(10.5) 


we  can  rewrite  T as 
mn 


mn  o> 


l n 

— — 7 T 

F n“  + (km)“ 


(10.6) 


Another  useful  model  for  the  background  noise  of  the  spectrum  is  the 
gaussian  response,  whoso  normalised  correlation  function  is 


li\  = e 


2.2 

■a  t 


(10.7) 


Consequently,  we  have 


4T 


mn 


i JT 

c.  I n 


u)  _ 2 

. o.2  m 

In' 


(10. S) 


The  normalized  power  spectrum  w (f)  is 


w(f)  = 4TU(«)  = 


2 frT 


4a 


(10.9) 


The  half-power  ooint  occurs  when 


U>  - u;  — , 


i 7 7 


{ 10. 10) 


Thus  wc  designate  the  location  of  the  half -power  point  as  the  pre -detection 
banawidtn  of  the  background  noise  w,_,  , (c.f.  (iU.  IQ)).  Ir.  terms  of  the 


normalized  input  spectrum  is: 


1 . 1.77  w ,2 

V *•  / 


w (f)  (1.77  x Z fir  ) e 


(10.  11) 


TR 1 82 


, i __  ••  (1.77  k)2 

Similarly:  T = -i—  ( 1 * 11  fL.)  s *n 

mn  WF  2|ft 


(10. 12) 


Attention  is  ssw  turned  to  the  calculation  of  JS/N)  The  output  noise 
intensity  N2  is 


N = 4 f / C T 

P / mn  mn 


t=t 


? wp  \ 

“ (“»/  c 

" ~r  W 


mn(  ^Tmn>  * <10*13> 


p = l«/N) 

• fn  ' ' 


W6  C & It  W 


rr»  P.t„  - ! 1 <-p>  - ‘17/  ! TT-J‘“FTmn>  —• 14> 

F / v— c‘ 

m+n=2v 


C 1C  has  been  calculated  for  the  vth-iaw  detector  , and  is  found  to  he 
mn  v 


from  (7 . 31): 


C ^ tf>.  ,n  r(4+>)  > ? 

77 ' lFl  ( ^ “ 2' m+i  ! “P)]  • (10.  i5) 

Cv  ***  (m ! )**  n!  Hy+l-e)  11  Z 


Then,,  as  in  sec.  8 P . is 

s+n 


{ | — ) P„_  - H(p)/G*(p) 

:>  iw  p o ’ it 


/ n 

\ AW  « AU/ 


Approximations  with  respect  to  p are  independent  of  the  band -structure 

factor  T , and  depend  only  on  H 2 in  C ; thus,  our  results  will  be 
r'  mn  mn 


niven  in  terms  of  ( o> _ T ) . 

F mn 


A.  Tfi'ealr  Sitynala 


As  before,  for  smell  p , G*  (p)  can  be  written  as  a power  series, 


msaSSfc  “ " 


v D 1 u 7 

• *>■«  » y M 
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G'  (p)  = (v)  + s’  (v)  p + g'  (v)  p 


I 10. 17} 


All  terms  except  (v)  depend  on  k , The  general  behavior  of  the 
function  for  this  case  is  the  same  as  in  sections  6A  and  9B;  the  dis- 
cussion of  section  4 applies  here  also.  The  firft  term  g'  (v)  has  baen 


evaluated  ir.  Appendix  F.  Neglecting  the  terms  in  g^c  (v),  iol,  we  write 

2 


,2  p 

. — _ — , p 


Z 


KTZ~'  *V+n  5 LTg~r7v)  J P = U2<v>  P * 

r ° o ' ' 


(10. 18) 


where 


v » 2 


:i= 


( -y ) n ! 
' 2 n 


‘ w F T 0 , 2n  ' 


(10.19) 


Thus,  for  the  "optical**  spectrum  we  have 


y Hr>t 

'.VI  * r(n+^)nl 


g ' (v)  - ifir 


(10. 20) 


and  for  the  Oause  spectrum  : 


r-^  . v .2 

i I V -7  i — X > ~ T 


— -f  r(n+ j)ni  " 


i i/>_ 

— IsU 


(10. 21) 


These  expressions  are  to  be  compared  with 


,, . 7 


v . C 


l‘*> 


2 ;n 


n-  i 


t»  ,'(r+)lnl 

• -f  — * 


(10.2?) 


which  suggests  why-  the  shape  of  the  two  curves  for  and  are  similar. 
Notice  that  is  independent  of  the  spectral  location  of  >he  sinusoid  in  the 
noise.  For  the  optical  spectrum,  we  have  explicitly 


I gs 


I TT 


TRiS; 


= 4 i 

? 


Q I = y _ 

4’  'opt.  CO  , V.z 

fiV  ''*» 


^ t P(n+4)n  l(2n) 

n-  ± c. 

and  for  the  gauss  spectrum  this  becomes 

2 


Q?(v) = 

4 uun  « . 


V 


oo 


W-T- 

O; 

( 1 . 77  x 2w  ) > 

“ P(n+7)nl  V&a 


(10.23) 


(10.24) 


Figuren  13  and  14  illustrate  (10.23),  (10.24). 

B . Strong  Signals 

V /M*  Inf*  om  \i>a  iites  r\f  4 V»  «•  «Mn  a*  Mnsl  _ 4 #■%  _•»  a J 
“ C - Cl  U w*a  *««v  stvi 

expressions  (cf.  Appendix  G)  which,  when  not  in  the  clipping  region  (v<l  1), 
may  be  reduced  to 


i m mm  44  ei  . h n*m  a c 1 m ««1  ••  4 m 

'C  * «•  ’■*  v/  | ry  %j  a iet  v o »_  a iv, 


,2  “P 


«?«=*  P,+n-  a4(vi  P.  v>  1 


(10,25) 


n/Vj  r.  n* 


Q4(v)  = 1/V"  frsrTu)  . 


For  the  “’optical”  case  we  get 


o lx,\  =■  1/u 

**4'  ” 'opt . " 


since  (u  ^.T^)  =1.  For  the  gauss  spectrum 


Q .(y) 

•*  gauds 


= (2/1.77  N/tT)  -i- 


( 10.  26) 


(10.  27) 


The  next  order  of  approximation  is  summarised  by 
1 2 


?r4^  = vt'[(wFT11)  + [v(|  - 1)«Fr11+V(wFT02)4(I  ' 1)“FT225  p l ^ 


i 


(10.28) 


I 


m 


SS 
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which  is  valid  part  of  the  way  into  the  clipping  region  (v  < 1)  . 


Q.  The  Ideal  Clipper 


The  important  case  of  the  super -clipping  (v  ■ 0)  , is  determined  in 


Z 

Appendix  G,  when  p ";>£>•  1 . 


I ZZ-)  » » p UELE+JtL.  (— f^»!) 

x uF  s+n  p 4 ^FMT'  ' ' 


(In  p + y)  * 1 


(10.29) 


where  y is  the  Euler  number,  y=  0.577.  For  particular  background 
spectra,  we  use  the  results  of  (10.26)  and  (10.27),  so  that  for  an  op- 
tical spectrum: 


' ir  w 


Pt  „ 

— i 


(In  t v) 


Mh  ’iA  V 
\ * **  * 


and  for  the  Gauss  spectrum: 


2 WP.. 


( - — •)  P . = 

t uP  a+n  , __  /i — 
F 1.77  fit 


. . ,2 
P » y)  p , 
2 


e . j.  ; f _ 


it  is  possiDie  now.  as  oe^ore,  to  piot  xr  , as  a luiiCiion  Oi  u , *or 
various  vth-law  detectors,  with  the  help  of  (10.  18)  for  low-input  levels; 
the  exact  expression,  (10.  14)  for  intermediate  values  of  p,  and  (10,25) 
for  large  input  ratios.  The  class  of  spectrum  chosen  for  calculation  is 
the  gauss  s7  with 


k = 1/1.77  • 


This  value  of  k corresponds  to  u = a , or  the  case  where  the  sine  sig- 

o 


nal  * o at  ih&t  pax  i of  the  input  pow c r rxoi b €:  spfctru n*  whsrc  ths  intensity 
is  0.788  w(0).  The  results  of  this  calculation  are  summarised  in  Fig. 
23,  where 


_ 1.77  VtT  .. 

w — r - e 

F mr  Z 


Again,  curves  cf  P . are  provided  for  constant  p . and  variable  v , and 

3*7*  n 

are  presented  in  Fig.  24. 
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APPENDIX  A 

Expansion  of  W In  Terms  of  Hermite  Functions 

The  development  of  W,  in  Hermite  functions  requir^w  firet  the 
Fourier  transform  of  W2  . Part  of  this  it  expanded  in  a power  series-, 
containing  the  correlation  function;  and  then  the  inverse,  transform  is 
taken,  giving  us  once  again  Wj  * For  normal  random  noise  (V  - -)  , 
the  characteristic  function  is 


F2  = + $2  + 2^52,;ti)l  = F(W 


(Al) 


(ref.  1,  e<}.  (2.  16)).  Expanding  F.,  as  a power  meries  in  terms  of  the 
input  correlation  function,  r , gives 


F2  < 


bl  •lzit  } 


4*^ 


k 

T k 


. 7*  k 


/ A / i 
mu/ 


The  inverse  (complex)  Fourie  y tr^nB^-'rniAbion  is 


g2  (X  j , x2;  t ) 


= J d^,  l a^?  F2(  X ,,  t)  exV -J[^j  ix1+ 

4*  - ^ 


(A3) 


In  general,  G is  the  contour,  shown  in  Fig.  25  , in  the  complex  ^-plane. 

Here,  however,  C extends  along  the  entire  real  axis,,  and  so  .X,;!) 

Thus  we  have 


I V !-r-k 


”2  + ZL 


it) 

TT 


! A - \ 


. ,1 

Jk  ('ir  [Ck(X1)Ck(X2)-Sk(X2)]*i  LSk(AI)Ck(X2)  + Ck(X1)Sk(X2)|  | . 

(AS) 

k k 

From  cuaoidex a-.iOns  of  symmetry  of  the  terms  in  f cos  Xt  and  f sir. 

we  note  that  C,  is  different  from  zero  for  k-  2m  only,  and  S,.  exists  for 
K rv 


as. 


I 


k - 2m+  1 only,  The  imaginary  iernis  go  out,  as  was  to  be  expected, 
since  the  original  function  W ^ is  real,  F i: oru  (A3. 5 / d ref,  1,  W' 

have  for  the  even  terma,  (k  = 2m)  ; 


SiT  y Gp  4J  C, 

_ 2ib  / <2zn  2 ,,, 

Ck(Xj  = 2^ / 3 co*  X^  e 


(1)m^(2m)(_X)  (A6) 


x 

where  is  the  Hermite  function,  = — — — — e ’ 

dx11 


For  the  odd  terms,  (k  = 2am-*-  i)  we  get 


Sk(X) 


2di  / ^ 2m  + 1 , 2 i , , ,«i+ 1 ■ 

-\r~  I 8in  x3  e dt  = (-1)  • 


m+i  . ( 2m+  i ) . X 


At  v 

i ). 

-ftjT 


Thus , 


17  r^\  Xi  (?m)  X? 
(— ) •:— ) 


(A8a) 


I,  x,  = 

r+_  fr 


(A8b) 


and  therefore  we  can  write 


W2(X1,XZ:  ‘I  = + 


.for  t = 0 , is  a 6-function,  6 (X^-0,  X-.-0  ),  so  that  the  expansion  is 
not  valid  for  thi6  value  of  t - 


| 

i e 
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APPENDIX  B 


The  Calculation  of  R(t)  Directly  f. roiri  W , 


Her*  we  have  for  the  amplitude  function  s 


, _ a r i i . 

Vksi“4*  ] Lk 


with , 


Lk  = J'  !xlv  ( X/f4D  dX 


,(Ziri+l}(  4 _ j(Zmti)  . v . j 2m , \ - \ 

0 ( ” 0 l-jx;  5 0 \ Ji;  - 0 r|U  I 


from  the  integral  definitions  of  the  Herm\te  functions  (App - A)  . 
Hence,  by  the  symmetry  properties  of  the  integrand, 

L2m+1  * ° ’ Snd 


L2m3  2 


r .. 


. -.2 

1 A 


/ Xvd‘“‘(-^-}  dX  = 2C  j X'  .r.J-msy; ) dX|(B3) 

J W 1 1 Zdi 


from  ref.  1,  (A3.  9),  The  constant  C is  specifically 


i 

, t 


C = 1 ( _ i)m  (2m)  1 

fTv.  2mm  ! 


To  evaluate  the  integral,  we  choose  a typical  term 


op  A. 

I X 2kf  v e " 2 *** 


v+l  , , v+J  . 
f ( ~w  i \ -y~). 


We  have 


BE# 


TK  IHC 


I 


2m 


CiiZOj)- 2 p > 


■ .*  i 


/ 


<B5i 


with 


. ) i»+l 


z.- 


C * • » ! VT  A . 

\ ^"1!k'“Tr)k  1 


4r 


iTT 

' 7 Jk 


in  " 2 i 


^ yA  J | 

5 7 ( -m,  j • 2'  *» 


(of,  section  6(A)  for  the  definition  of  ) . The  value  of  / ie 


/ = r(7)r(m-5>/n-i)r(m+^)  . (-;»m/(  Ji 


m 


from  the  relationship  (ref.  1,  A3. 20  (a)  ) : 

,Fj  (a,p  ; y : 1)  * thf)  p(y-a  -p  ) / r (y  - a)  Tit  - p)  5 Re  (v  - a - «)>  0 


s 


Hence,  we  can  write 


i-t>2 


vi;2™  n , 2 _ r02  r,,  v+1^2,,  lVvir  ' Z'm  ir 

^7^)TJ  lo,2m  - rV'  ^ (“T") 


The  last  factor  ia  unity,  since 


m)  i * •; 

n.  i ” ,£rh,‘l  V J ' 
** 

(B6) 


( 2m)  I 

m I 


= 2 


2m 


r(4 


\ 

2-' 


<7>, 


= 2 2m  ( j) 

' £ m 


Thus,  wc  have  for  the  correlation  function 


*<*>*/  r<‘»im“lssr-)ho%m 


2m 


m=v 


= c,  2rl<-5-'2iT:r<"Z> 


i B7 ) 


where 
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APPENDIX  C 

Calculation  jLfj£iPi  /c»r  Small  Input  (s/n) 
We  want  G(p)  in  the  iorm 

G(p)  = g.(v)  + S,(v)  p + g,(v)  p2 

~0  i b 

Using  the  terminated  series  representing  jF^, 

F le  a -cl  = r » - is  - Cl 


we  find  that 


oo 


g (v)  * V b 
“o  £ \ n 


n=l 

nr> 


CD 


Si<v)  * 2 V[  «N  ba-nba)  + 2 y!  CR 


n=  i 

an 


n=0 


(Cl) 


(C2) 


gJ.v)  = | n2  bn  + {j-  - 3N)  «ibp  + y ( 3N- 1)  bn  + 2 >^(N -1)CR  - nCft 


n-  1 


n=0 


where 


CD 

♦ i T *. 

4 X * 

r.-G 


N - y ; ana 
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b = 


(-N) 
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hlnlftn)  : Cr  = RT^TTTTnSTlT  ; an  " n!(n+2)  UI5+ZT 


{ -N)2 . , 

nr  i 


<-n> 


; d_  = 
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(C3) 


(C4a) 


(C4fc) 
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Det'ine  the  quantities  : 


Then  we  find: 


bn  = go(N) 

p (2NFi) 
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pUXfij 

r(2N) 

1 = F?(N) 

\C5) 

r \«t  i . 

fa 

\ 

Z_-_ 


) c 


n 


r*  .’»ti 

r ,\r«  / 


^ r 

/ n C 

4c  n 


f4(N) 


^~1 
n=  l 


/ n b 

Z_*  n 


t'K*\  '/  J 

* t.\A*  / / €+ 
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n=  1 
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X „ “n  r f2 

n = 0 


Consequently,  we  can  write 
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APPENDIX  D 


Calc  til  at  ion  of  {PB+n)XT  g ioir  Strong  Signal* 


As  in  Appendix  C,  we  write 


N = 


v 

V 


(Di) 


ii  • 


We  use  the  ^asymptotic  expansion  for  ^F , [ ref  .5,  «q.  (A3.  3)] 


For  the  numerator  of  P , _ then, 

Btn 


IN 


H(p)  = [ ,F.(-N;  1;  -p«  - lj  - —2 y *(N,p) 

1 1 HN+1)“ 


where  Z(N,p)=  L (N)“+  L(N)  N2  p' 1 + [ L (N)  N2  (Nf  l)2  4 N4]  p"2 


t.na 


N, 


L(N)  = [ 1+T(N+1)  p“  ] , 


For  the  denominator  G(p)  we  use 


where 


f tp)  = I ] + 2(N-n)(N-n-u»#p  ' 1 / * iN-n)(N-in-n) 
BiO  ' ( i 


f 2 (N*T'*  l)(y  •*»-**)  - •»  ~ iii  i.-  lj  p 


Thus, 


H vp) 


’/  I XT 
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(D3i) 
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,F,  mts-hi  ini  -S'?)  - — r P P *rt(P)  (f35) 

1 1 r(N  + 1 - n)*' 
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n'  m r n n 


rri  n rTITfri+n  }*TTTi  ,+  Zn}" 


1 '(N+H  - v, , , ,2 

iri’n  ten.r ■s-r-i ri  =»Nt1~H) 

| a -nr  n 


(D8) 


Thus,  using  C\n>  Cl^i  ard  C!3Q,  wish  the  corresponding  f 


mn 


H ip)  _ p Z(N,g) 

•3&-J  ' TO 


<D9) 


i i < ft  ?'  in»T  I»  “i  , (N  - 1 ) | c e«i  — 1 


YiN..p)  = 1 + ~ (ION*’  - ION  - l)p  t (58N“  - l2SN+4)p' 

^ * V 


1 . 


Including  t?mr  only  in  p in  Y and  s,  P is  then 

8 i TL 


H 15 
~ - —m—H  < 


I T i I (Ml  — “ ^ ^ 

t avui  ; t IS  Liiii  i u>  t 


2N‘:  [ 1 + x ( ION*”  - 1 ON  - 1)  p71"  j 


which  holds  par-  of  the  way  into  the  clipping  region  (v<  1). 
For  the  ideal  clipper,  N — *0,  so  that  we  have 

L(N)-~ >N(ln  P + y) 


from 


and 


-N  -Nino.,, 

p k e * I ~ W In  p -r  . . . 

P(N+1)  = HO)  t Np'iO)  = n , 


v = 0.8772-  • • , Euler's  number 


In  this  case, 


H(p)/G(p)^  |(lnp+y)2/[l  -~v'l  + 


j - filnp 


(DIO) 


i u 1 1 ) 
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APPENDIX  E 


Calculation  of  the  Locus  of  (P  . ) in  the  v-p-pianc 

i—  n'tn'max — * 


Vfc  eubatitute  N * <// 2 in  the  expression  for  Pni^.n  • 80  that  we  find 

that  the  condition  for  a maximum  of  P , , as  a function  of  ?■»  . (in  the 

r tn 

v -p-plane),  is  determined  by  the  condition. 


n 1 4 *n 


. rt  Jr* 


0)  , 


(Si) 


dN; 


wne»*~- 


Pn,+n  = p Qj  (N)  M2(N,p),  from 


( 9 . i n 


In  the  re sion  in  which  we  are  interested,  Q,  (N)  may  be  approximated 

a 

bx/  o raKrtlft  I fl  I ?.  if  K \ I . 

7 *•  J ^ “X  - --  * “O*  ' J ? 


Q.(N)  - [2  - k{K-l)  j 


(EZ) 


with 


k = 0,33 


, oN  _ , ,2 

M ?(N , p)  = — n — j-^rr  1 p = in  ( 1 + p)  , 

2 (pN)  e ?N 


■,Ji»  ji 


from  (9 . 1 la)  . 
that 


Performing  the  indicated  differentiation  (El),  we  find 


rN 


(a  o * b)  = 2 a p + b 


'where 


a=N(2-k(N-i)£‘)  ; b = 2 + k<N-l) 


(ji,5) 


To  find  a value  of  p which  \»  maximum  at  some  value  of  N,  we  must 


solve  tne  transcendental  equation. 


pN  = _a_£  j . 

ap  + b 


(E61 


Since  most  of  the  intersections  uf  these  two  lines  arc  very  close  to 


08- 


?aia2 

n --  0 , *n  Approximation  may  he  U3cd  for  e *"  , viz.. 


e *N  - 1+PN+  i£|iL 


so  that  or.  solving  for  a we  obtain  th*  quadratic  equation 


h 


p“  + N ( Jn  ^ + a]  pi-  [Kb  - a 


i = 0 

J 


[iul) 


The.  solution  of  this  equation  Js 


B . r B A , 5 /2 


P = ln  < i+P)  iP  = " lA  + 1 TK  ~ Z J 


(E8) 


H _ 3 - C ( 1-N)  ( 3/2  - N)  f A , 
_ ; L-  -C\ 


2C(1  • N) 


IX 


N f2-cll  - *i)n 


Vi  [ i r'  i l vit^l 


i't  I l.  - V l i ~ 11  II  I 


For  the  r&iigca  of  interest,  this  may  be  written  a* 


x h i . ( h . 1 , U»,  B. 

- - X + (A)^I(’XH^) 


by  the  binomial  theorem,  and 


1 C 

2 IT 


2 k ( I -N) 


[ 3 .kM-N)(y-N)] 


(E?) 


The  expression  (3S9)  was  used  in  obtaining  Fig.  29.  The  expression  can; 
of  course,  be  more  accurately  represented  by  replacing  }>  by  log(lrp). 


A PFr.Hu/IX  r 


the  Calculation  of  G’  (p)  for  Small  input  g/n 


Only  one  term  of  G'  (p)  is  calculated  here:  g'{v).  Sectxng  F -t  i 


in  the  expression  ior  C (10.5*.  we  obtain,  for  p<V-'  1 K - i. 
r rar 


>to*.  -»il 


7 
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APPENDIX  G 


The  Calculation  of  „ for  strong  Signals 

Broid "bsnd  Noise  , wtih  a ij^nc>  al  Spectral  Shape 


using  the  same  aeaympfcotic  form  for  ,F ^ as  in  AfP^;-U  D,  since 
S,  the  signal  increment,  ia  independent  of  the  signal  band  structure,  we 


<G1) 


H{p)  = — - r Z \N , p) 

r(N+ 1)“ 


where  Z(N,p)=  L (N>*  + N“E  ;N)  p‘ 1 + [ N*  (N  + 1 )2  I.  (NJ  + N4J 


L.  (N/  * (i+riNtl)  p j 


(G4) 


However,  the  denominator  G'{p)  ia  (10.  14) 


X 

r*  • * . \ / *• 

‘ J f pi  y m 

m+n±2(! 


(w^T  ) 
a nr)  n 


wner«  now. 


r(N+l)t‘  ^ran.  r -n  2“-ir/  v\  t y\  _ v 

LL~ZRr c Wp  ^n-H  (- -jrl  (- -j)e  ^mn*p) 

p v ^ 


where 


c (p)  » 1 + 2(N  .8)(N  + rs-c)  p' 
n 


+ {N-C)(N+m-0)[  2(N  ?){N+m  Sil) 


-4 (N - ?.)  - m + i ] p 


Hence  we  write 


s: 


wsss  ttsSinatfSap  SEES 
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I.  jyti*. 


SP 


I 


I 


r 


! 


fe 


s 


i 


i »■ 


& 

S' 

*'• 

I 

ft 


i 

Ht 


TR162 


-61- 


,i!£, 


TT$ 


35  (N.P) 


'tr  «B>'  B+n  ^r-  " -n+t-i'li  n_MW-*n,  T )p  ip) 

- > *mP  -nT'  ‘ 7;  ■ ' T rr.r.,K!.M'-  ' 

i S V 


(G8) 


* 

*i^si+n 


Collecting  terms  from  g,  j,  gn>*  g->2,  813*  tS*v  wc  obtain 


. <«„ 

{ - — ) P 

IT  (kip’  ttil 


rn  = "fr?  K + AJ  ? * + A2P  1 


(G9) 


«N 

= t**VAi  i* 


= ZN(N-l)  Tn  <■  TC2  r (N-l)2  T2? 

F 

^=2W-1|2[N(N-1)Iu  + £ T02  ' T22 


1 1 M^>r  .1  i T 1 

M3  ‘ 3 " M3J 


'GiCij 


For  the  ideal  clipper,  as  ir.  Appendix  D, 


Jim  L(N)2  „ . . . «2 


N — ^0 


N 

for  v i 0.  then 


- = {In  p +v)  , y - 0*  5772  • • • , Euler’o  number; 


<5  7 - 1 - 2. 

<— — — ) P C*’  c!ir.  b -tv)  /'if  A f A.  p + A_  p 1 

V w_'  !*+n  •'  * ’ ' ‘ o l r 2 * 

r 


• GU) 


.2..  . 

•~*p  ‘U>  p ■*■■*/  /e  a 


^znisank-1*  -•-  >. 
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